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CSDL overview

We develop efficient and scalable computational techniques toward the design complex
engineered systems.

Complex engineered systems
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CSDL overview

e What is design? We interpret design = decision-making Bloebaum and McGowan
(2012); we are interested in the mathematics of computational decision-making.

Figure 3: The “decision-making triad”

Surrogate
modeling

Optimization
/control

Uncertainty
quantification
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Motivation: certification by analysis (CbA)

Figure 4: FAA Part 25 ceritifcation: high angle of attack and cross-wind takeoff. Mauery et al. (2021)
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Motivation: certification by analysis (CbA)

e Certification of aircraft is time-consuming (scheduling delays 3-5 years), expensive
( $100M), risky, and occasionally unreliable.

e CbA: cut 50% flight tests; replace with computational analysis with rigorous UQ!
e Our methods from the decision-making triad play a key role.

Rigorous and uncertainty quantified computational decision-making techniques, leveraging high fidelity
models of aircraft systems and subsystems, can drastically reduce certification times and cost.
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Motivation: certification by analysis (CbA)

e Certification of aircraft is time-consuming (scheduling delays 3-5 years), expensive
( $100M), risky, and occasionally unreliable.

e CbA: cut 50% flight tests; replace with computational analysis with rigorous UQ!
e Our methods from the decision-making triad play a key role.

Challenge: decision-making (UQ, optimization/control, surrogates) with high-fidelity computer models
is prohibitively expensive!

e For example, aerodynamic model of an aircraft costs ~ 2000 CPU hours.
e Evaluating the model more than a few dozen times is not practical.
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Motivation: NASA CFD Vision 2030
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CSDL research objectives

Methodolos

We are interested in developing decision-making methods in the presence of uncertainty,
with expensive computer models, with the following attributes:

Sample efficiency (minimal queries of the expensive model).
Derivative-free (adapt to absence of derivatives).

Scalability (to high dimensions).

Theoretical guarantees (error bounds and/or consistency).

Ll A
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What this talk is (not) about.

¢ Developing methods for the decision-making triad driven by probabilistic AI/ML.

e Development of adaptive techniques that enable sample efficiency.

Development of techniques that can accommodate uncertainty.

Development of methods that are agnostic to the underlying physics of the system.

No neural networks.

e Our approach: kernel methods with Bayesian decision theory.

&)
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Kernel methods and Bayesian decision theory

Kernel methods and Bayesian decision theory||14/65
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Kernel methods

Our methodologies fall under the broad category of “kernel methods” Hofmann et al.
(2008); Campbell (2001).

e A class of methods where data x is transformed into a higher dimensional feature space
o(x) for better expressibility.

o A kernel k(x,x') = #(x) L¢(x) can be thought of as a similarity function over all pairs of
data points computed using inner products.

¢ Kernel trick. A way to directly specify k(x,x’) without the need to compute the feature
space and its inner product Rasmussen and Williams (2006).

&)
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Gaussian process models

f(X) ~ Y(X) ~ gP(M(X)7 k(7 5 Q)) (Prior)
e Mean function u(x), covariance function (-, -), hyperparameters Q Rasmussen and
Williams (2006).

Figure 6: Prior realizations [ = 0, k(x, -) = exp(||x — -[|?/£2)]
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Gaussian process models

D = {x;, f(x:) }iz1 (Observations)
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Gaussian process models - Bayes’ law

Y(x)|D x D|Y(x) x Y(x) = GP(jin,02) (Posterior)
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Deep Gaussian process models

GPy
(regular GP)

. gP, @ GP, v

(one-layer deep GP)

(two-layer deep GP with hidden nodes)
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Deep Gaussian process models

Figure 8: DGP Vs. traditional GP. Sauer et al. (2023)

Step Function Traditional GP Two-layer DGP
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Bayesian decision theory

e Let u(x) = uo f(x) quantify the utility of evaluating a candidate input x with f.

e Surrogate estimate: u(x) = uo Y(x)

Given observations D,,, hew observations can be greedily chosen as

Xpy1 = argmax Ey (g [u(x) | D).

a(x) == Ey ) [u(x) | D,] is called an acquisition function.

&)

Bayesian decision-theoretic optimization = Bayesian optimization.
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Bayesian optimization

Say the goal is to find x, = argmax,_ f(x).

And we fit a GP Y, (x) with observations {(x1,f(x1)), ..., (Xn, f(xx))}.

Denote as fi = max;cp, f(x:) (that is, the best observed value).

Then, a popular utility function to choose is u(x) = max(0, Y(x) — f}).
- The resulting acquisition function
0(x) = By bmax(0, Y00 — £1) [ D] = 200 (X025 ) b ) - e (22020 )
on(x) on(x)
- Is the well known expected improvement (EI) Jones et al. (1998)
Choose x,11 = argmax, «(x); observe (x,+1,f(xnt1)), update GP, and repeat.

&)
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Our past work on kernel methods and Bayesian decision theory

e Surrogate modeling for aerodynamics.

- R, Maulik, R., & Ahuja, J. (2021). Enhanced data efficiency using deep neural networks and
Gaussian processes for aerodynamic design optimization. Aerospace Science and Technology, 111,
106522.

- R, Maulik, R., & Rao, V. (2020). Machine learning for nonintrusive model order reduction of the
parametric inviscid transonic flow past an airfoil. Physics of Fluids, 32(4).

- R, Harada, K., & Mavris, D. N. (2020). Aerodynamic data fusion toward the digital twin paradigm.
AIAA Journal, 58(9), 3902-3918.

¢ Uncertainty quantification.
- Booth, A. S., R, & Gramacy, R. B. (2025). Contour Location for Reliability in Airfoil Simulation
Experiments using Deep Gaussian Processes. Annals of Applied Statistics, 19(1), 191-211.
- Booth, A. S., & R (2025). Two-stage design for failure probability estimation with Gaussian
process surrogates. Journal of Quality Technology, 1-17.
- R, Rao, V., & Navon, I. M. (2023). CAMERA: A method for cost-aware, adaptive, multifidelity,
efficient reliability analysis. Journal of Computational Physics, 472, 111698.
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“Zoo"” of acquisition functions

Expected improvement (EI) Jones et al. (1998)
Probability of improvement (PI) Mockus et al. (1978)
GP upper confidence bound Srinivas et al. (2009).

Entropy search (ES) Hennig and Schuler (2012), Predictive ES Hernandez-Lobato et al.
(2014), Max-value ES Wang and Jegelka (2017).

Stepwise uncertainty reduction (SUR) Picheny (2014).
Knowledge gradient Frazier et al. (2008).
Thompson sampling Thompson (1933); Kandasamy et al. (2018)

E | 124/65
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Bayesian optimization with Thompson sampling

e Thompson sampling posits that we make decisions according to the probability that they
are optimal.

Figure 9: Multi-arm bandit. Source: towardsdatascience.com
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Bayesian optimization with Thompson sampling

Thompson sampling posits that we make decisions according to the probability that they
are optimal.

That is, x,+1 ~ px, (x), Where py, (x) is the probability density of the maximizers of f.

In the context of Bayesian optimization, we could use the surrogate Y to define this
density as

= (x) = /5 (x — argmax Y(x)) p(Y|Dy)dY, (1)

xXEX

Equivalently, draw a sample path from Y, find its maximizer, and repeat.
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Bayesian optimization with Thompson sampling

Ackley's function at y = 0, TS-GP optimization
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Multiobjective aerodynamic design optimization

Multiobjective aerodynamic design optimization||28/65
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Aircraft aerodynamic design optimization

Decreasing required lift
Changing Mach and Reynolds numbers

e Desining for a constant cruise condition can be suboptimal.
e Designing simultaneously for multiple points at cruise is the way to go.

&)
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Kernel

AIAA Aircraft Design Optimization Discussion Group

Source: https://sites.google.com/view/mcgill-computational-aerogroup/adodg

Test Cases

1. Case 1: Drag Minimization of the NACA 0012 in Transonic Inviscid Flow.

2. Case 2: Drag Minimization of the RAE 2822 in Transonic Viscous Flow.
3. Case 3: Drag Minimization of a Rectangular Wing in Inviscid Subsonic Lifting Flow.
4. Case 4: Lift-Constrained Drag Minimization of the CRM Wing.

1. Geometry File.

2. Case 4.1: Lift-Constrained Drag Minimization of a Wing Allowing Section and Twist Variation.

Altitude

5. Case 4.4: Three-Point Wing Optimization to Minimize the Integral of Cp Over a Range of Mach numbers at a Fixed Aircraft Weight with

Altitude Varied to Maintain a Constant C; Over The Range of Aircraft Mach Numbers

6. Case 4.5: Nine-Point Wing Optimization to Minimize the Integral of Cp Over a Range of Aircraft Weights and Mach Numbers at a Fixed

Altitude

5. Case 5: CRM Wing-Body-Tail Optimization at Flight Reynolds Number

0/65
30


https://sites.google.com/view/mcgill-computational-aerogroup/adodg

Conclusions References

Kernel methods and Bayesian decision theory

Introduction and overview

Multiobjective aerodynamic design optimization

max {—Cp1(x), —Cp2(x)} (2)

xeX

e (Cp; and Cpy are the aircraft drag at M = 0.85, o =2.37° and M = 0.7, a = 3.87°,

respectively.
e x are the free-form deformation (FFD) control points and X is a compact domain.

e Euler simulations on the high speed NASA CRM, via SU2 Economon et al. (2016), used
to compute the aircraft drag.

In the absence of derivative information, no methods exist today to solve this problem in an efficeint
and scalable manner.

E% |131/65
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Multiobjective (min {f;, 2}) versus multi-point (min
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Theoretical statements

Every multi-point optimum is Pareto optimal. Carlson and Renganathan (2025).

Let the weights in the multi-point optimum w € R™ satisfy w; > 0 for every i =1,...,m. If
* : T
x* € R I f(x),

then x* is Pareto optimal.

Converse not true: Every Pareto optimum is not necessarily multi-point optimal.

If the attainable objective set F' is convex, then for every Pareto optimal point f* € F there exists
w € R™ with w; > 0, w # 0, such that f* minimizes w'y over y € F.

e We aim to devise sample efficient and principled approaches for derivative-free
multiobjective optimization with constraints.

@)
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Constrained multiobjective optimization

We consider the following problem
E(nea;%( {fl(x), B 7fK(X)}

s.t. ¢i(x) =0, i €& (3)
c(x)>0,i€”

e f; ci, Vi are expensive stochastic zeroth-order oracles.
e We are interested in the solution to (3) in a sample efficient manner and with
theoretical guarantees.

i | 134/65
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Pareto optimality
¢ Single objective optimization: first-order necessary (Karush-Kuhn-Tucker)
conditions Nocedal and Wright (1999).
e Mulitobjective optimization: Pareto optimality is necessary.
o Let f(x) = [fi(x),...,fx(x)] . When a solution f(x) Pareto dominates another solution

f(x'),
- then fi(x) > fi(x’), VE=1,..., K and there exists k € [K] such that f.(x) > fi(x).

e The set Y* = {f(x) : x' € X: f(x') = f(x)} is called the Pareto frontier and the set
X*={xeX : f(x) € Y} is called the Pareto set.

e The hypervolume indicator is used to measure Pareto optimality.

| 135/65
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Hypervolume indicator
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e 12: Illustrative two objective (K = 2) example.
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Existing work

e De facto method is nondominated sorting genetic algorithm (NSGA) Deb et al. (2002,
2005).

e NSGA is accurate but computationally expensive.

e Bayesian optimization for multiobjective optimization = multiobjective Bayesian
optimization (MOBO).

e Bayesian optimization is less accurate but highly sample efficient.

e Our goal: get the best of both worlds!

|137/65
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Introduction and overview Kernel methods and Bayesian decision theory

Existing work in MOBO

e Scalarization. Zhang et al. (2009); Zhou et al. (2012); Daulton et al. (2021); Paria
et al. (2020)

e Hypervolume based. Couckuyt et al. (2014); Emmerich (2008); Yang et al. (2019);
Daulton et al. (2020); Picheny (2015); Daulton et al. (2021)

e Entropy based. Hvarfner et al. (2022); Tu et al. (2022); Suzuki et al. (2020); Belakaria
et al. (2019)

Existing work in MOBO suffers from these limitations:

e A hard (nonconvex, stochastic) acquisition function optimization.
* Inability to handle constraints/noisy objectives/batch acquisition.
We propose to address all of these limitations.

@ | 138/65
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¢POTS: Batch Pareto optimal Thompson sampling

Renganathan and Carlson (2025) AISTATS 2025

e Our approach extends Thompson sampling Thompson (1933) to the multiobjective
setting.

e We circumvent any hypervolume calculation or the intractable entropy calculation.
e Instead, we sample according to

xeX

pax(x) = /5 (x — argmax { Y1 (x),..., YK(X)}) p(Y1|Dn)...p(Yk|Dr)dYs...dYk, (4)

e px+(x) governs the distribution of the Pareto optimal solution set.

&)
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Conclusions

Introduction and overview Kernel methods and Bayesian decision theory

¢POTS: Batch Pareto optimal Thompson sampling

In practice,
e Fit K GP models: Mi,..., Mk for the K objectives, with observations
DLE & (D] ... DE}.
e Draw K GP posterior sample paths (one from each GP).
Y(,w) = pa() + a2 () x Z(w),
where Z is a standard multivariate normal random variable.
e Solve the following cheap multiobjective optimization problem using, e.g., evolutionary

approaches
Xnt1 € X© = argmax{ Yi(x,w),..., Yr(x,w)}, (5)
x€EX

Essentially, we leverage the best of both worlds: accuracy of evolutionary approaches and
sample-efficiency of MOBO.

é | 140/65
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Introduction and overview Kernel methods and B

¢POTS: Batch Pareto optimal Thompson sampling

e Balancing exploration and exploitation. We choose x,.1 € X* that maximize the
minimum distance to the previously observed sites X,,.
e Let y(x,x') : X x X — R, denote the Euclidean distance between x and x’, then the
maximin point is defined as
Xpt1 € argmax min y(x", x;).
x*ex* X €Xn

e Easy extension to batch acquisition:

s Y

Xn41 € argmax min y(x", x;)
x*eX* X€Xn

Xn42 €argmax  min (X, x;)
x*eX* X€XnUxnt1

(6)

Xntq € argmax min y(x", %;)-
x*eX* XE€Xn U{Xnt1sXntq—1}

@ | 141/65
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¢POTS demo

Two objective K = 2 Branin-Currin function (n = 20).

Figure 13: Maroon: f; observations, blue circles: GP posterior Y* /X *, black: true Y* /X ™, blue square: ¢POTS acquisition.

Output space Y Lo Input space X
10 0.8
o s 0.6
5 0.4
0.2
0 100 0.0 0.5 1.0

| 142/65

NASA AMS Seminar, December 25 Ashwin Renganathan



__Introduction and overview _Kemel methods and Bayesian decision theory _Multiobjective acrodynamic design optimization Conclusions References
¢POTS demo

Two objective K = 2 Branin-Currin function (n = 50).

Figure 14: Maroon: f; observations, blue circles: GP posterior Y* /X *, black: true Y* /X ™, blue square: ¢POTS acquisition.

Output space Y Input space X
1.00 \ O
10, & 0.75 ,
W ‘Q x 0.50
5 O

\ 0.25
0 0.00

0 200 0.0 0.5 1.0
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¢POTS demo

Two objective K = 2 Branin-Currin function (n = 900).

Figure 15: Maroon: f; observations, blue circles: GP posterior Y* /X *, black: true Y* /X ™, blue square: ¢POTS acquisition.

Output space Y Input space X
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Multiobjective aerodynamic design optimization of the NASA CRM

Carlson and Renganathan (2025) - (in Aerospace Science and Tech.)
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Design space
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Pareto optimal design 1

Baseline Pareto optimized

B
Pressure_Coefficient

|-
-2.5e+00

Baseline Optimized

Drag: [0.027405, 0.022586] Drag: [0.022892, 0.022870]




Pareto optimal design 2

Baseline Pareto optimized

Pressure_Coefficient

BoL
&

I -2.5e+00

Baseline Optimized

Drag: [0.027405, 0.022586] Drag: [0.022846, 0.023128]




Pareto optimal design 3

Baseline Pareto optimized

Pressure_Coefficient
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Pareto optimal wing shapes

Thickness

Thickness

Thickness

Thickness

95%

—— Undeformed Baseline
—— Optimized
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Thickness

-1.00

=125
0
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Pareto optimal pressure distributions

Pressure Coefficient (Cp) Pressure Coefficient (Cp)

Pressure Coefficient (Cp)

e o 9
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Hypervolume plot (higher the better)

Hypervolume Progression Over Iterations
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Summary

gPOTS is a fast, accurate, derivative-free, and sample efficient multiobjective optimization
method improving on state of the art.

Strong empirical performance with theoretical guarantee.

Multiobjective optimization of the NASA CRM:

— 288 cores, 3 days of wall clock time.
— Outperforms all competing methods.

Read our full paper for details on other experiments.
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Software
>> pip install gpots

csdlpsu/qgpots

Batch Pareto optimal Thompson sampling

= O3PL

A2 ®o 7 8 Y 2 O

Contributors Issues Stars Forks
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Conclusions

e CSDL develops scalable computational techniques toward the decision-making for
complex engineered systems.

e Foundational contributions to the mathematics of computational design.

¢ Novel methods, algorithms, and software toward the decision-making triad: surrogate
modeling, uncertainty quantification, and optimization.

e We predominantly work with probabilistic machine learning techniques - kernel
methods with Bayesian decision theory.

¢ Follow our work at sites.psu.edu/csdl.
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Thank you

(a) Paper (b) Software
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A quick demo (ZDT3; K =2)
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Figure 18: Demonstration on the ZDT3 (K = 2) test function that has disjoint Pareto frontiers. Navy are the true Pareto frontier and red
are the predicted Pareto frontier. With 20 seed points and only an additional 204 acquisitions, in batches of ¢ = 4, notice that ¢p0TS is
ickly able to resolve the true Pareto frontier while other methods in the state of the art struggle to come any close.

&)

NASA AMS Seminar, December 25 Ashwin Renganathan

| 158/65



__Introduction and overview _Kemel methods and Bayesian decision theory Multiobjective acrodynamic design optimization Conclusions References
A quick demo (ZDT3; K =2)
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Figure 19: Demonstration on the ZDT3 (K = 2) test function that has disjoint Pareto frontiers. Navy are the true Pareto frontier and red
are the predicted Pareto frontier. With 20 seed points and only an additional 204 acquisitions, in batches of ¢ = 4, notice that ¢p0TS is
ickly able to resolve the true Pareto frontier while other methods in the state of the art struggle to come any close.
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Extension to constrained problems

Handing constraints is straightforward in ¢POTS.

e Let there be a total of C constraints {ci1,...,cc}, and ZU & = [C].

e We fit a total of K + C posterior GPs Yi,..., Yk, Yk41,..., Ykt

e For all i € [C], we define the constrained ¢POTS to choose points according to

pa-(x) = /6 <x - argengl(ax [{ Yi(x),..., Yk(x)} x LN, Yipice@=03 X 1N, Yk+iez(x)20}])

p(Y1|Dn) oo .p( YK|Dn)dY1 0oo dYK,

(7)

@)
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Constrained ¢P0OTS demo
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¢POTS theoretical guarantee

Theorem (Convergence with high probability)

Let & € (0,1) and Assumption 1 hold with L? = 2log (2). Further, let g be some affine function that
operates on f. Let X denote a discretization of X with |X| < co, where we evaluate the oracle f. Let

€ >0, and a, = /2log(b,|X|)/5, where >°°° | 1/b, = 1. Then the vector of posterior GP objectives
converges to f with high probability; that is, the following holds:

Pr [vX €Xx, lim [f(x) - Y" "L (x)]los < e] >1-4.

Our approach, ¢pP0TS, is guaranteed to find the true Pareto frontier under mild assumptions.
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