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Problem statement

We are interested in the hyperbolic PDE [Ole63]:

(P) : Oru + 0. ¢(t,x,u) =0, (t,x) € Ur def [0,7] x R

m We are concerned with the solution u(t,-) € BV N L'(R), for ¢ € [0, T].
Here, u € BV(R) (of bounded variation) if

T.V.(u(t,-)) =4 supZ{|u(t, Baad) —W(t:30)| : 2n€ P} < 08,
P

where the sup is taken over all possible partitions P.
m L°°(R) solutions, measure solutions [DiP85], and semigroup solutions [BC95]
S : L'(R) = L'(R)
wo = u(t, ) = Ste(uo)()

are also studied in the literature under different assumptions for ¢.

m The generalisation to x € R™ with a source term is COnSldeI‘ed in [Kru70]

OA Oleinik. “Discontinuous solutions of nonlinear differential ((]lld(.l ons”. In: Amer. Math. ! 1 26.2 I
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Albertc Bl san nd Hn ildo M Colombo. “The semigroup generated by 2X 2 conservation laws”. I Archive for rational mechar

2 1997
\Idm ld \ Kr 1k U Fil\[ order quasilinear equations in several independent variables”. In: Mathematics of the USSR-Shornik 10.2 (1970)
p. 217



Definition of the solution

A function u € C([0,T]; L. N BV(R; [0, umax])) is a generalised solution of
Eq. (P) if:

Yo € CL((—00,T] x R), /OT/R {u@tgo+w(u)8mg0}+/Ruog0(O,-) -

In addition, u € LOO([O,T} x R) is called the Kruzkov entropy solution if for
any k € R, and p € C}((—o0,T] x R;R,),

R(u, 0, k) < /OT/R |u — k|8tgp+/(;T/R 0 e e e e
L /OT/Rsign(u— k)am¢('v'vu)¢+/IR|uo k[ (0,) > 0



Well-posedness (Kruzkov, 1970)

Theorem (Existence of the entropic solution). Let an initial condition u, €
L>°(R) and assume:

(H-1): ¢, Oy, Ouu®, Opr® are continuous, and 9, ¢, 0, P, Ve € L= (UM ; R)
for any M > 0, where UM € [0, T] x R x [—M, M].
; T
(H-2): Opugp € LU ;R) and [, [p 10:0(t, 2, N oo ([ ar, 2y dz dt < +00.
Then there exists a unique weak entropy solution
u € L=([0, T]; Lio(R; R)).
In addition, if uo € L> NBV(R;R), then the weak entropy solution
u € L*([0,T]; L' nBV(R;R)).

Proof. Follows from the singular limit of the corresponding viscosity problem:
letting e — 0, the solution of the viscous (parabolic) problem

Oru + Oz [0(t, x,u)] = €0t

converges to the entropy solutlon

slav N K ov. “First order quasilin equatio in several independent variables”. I



Possible generalization to broader class of hyperbolic PDEs

Objective: Problem-specific NN solvers, focused on hyperbolic equations.

Motivations:

m Various key applications:
m Fluid dynamics
m Gas dynamics
m Traffic dynamics

m Even when degenerate diffusions are added (applications: fluid dynamics,
relativistic heat conduction, plasma physics, traffic flow, ...):

Ovu + O [uV (u) — kD (u)®(0,u)] = 0.
Where:

® D(u): a (nonlinear) diffusion coefficient,
m O(-): a strictly increasing, bounded, smooth function (e.g. tanh(-)).

The system still exhibits hyperbolic behaviour (the advection dominates)
[Cas13; BD92].

V. Caselles. “Flux limited generalized porous media diffusion equations”. In: Publicacions Matematiques 57.1 (2013), pp. 144-217.
Michiel Bertsch and Roberta Dal Passo. “Hyperbolic phenomena in a strongly degenerate parabolic equation”. In: Archive for rational
ha and analysis 117 (1992).



Main goal of the approach

Hyperbolic PDEs:
m Hyperbolic Property: Less regular solutions (BV class vs. Sobolev class)

m Various existing NN solvers:

m Perform well on smoother (more regular) solutions.
m Often inefficient or inaccurate for hyperbolic problems.

We consider a few special classes of flux functions ¢ in (P).

Main goal:
m Show that NN solvers provide accurate approximations for hyperbolic PDEs.

m Provide theoretical insight: convergence to the entropy solution.



Main contributions

Main contributions:
m A new optimization loss based on the weak formulation (unsupervised).
®m A new kind of SOTA, modular, higher-order (in time) FVM.
Advantages of the method:
m As easy to implement as any standard FVM.
m Can be trained with or without data (supervised/unsupervised).
® When supervised: no assumptions on the underlying flow.
m Conservation of mass is enforced as a hard constraint.
m Fasily extensible to larger stencils.
m Can easily incorporate stencils from multiple timesteps.
m Same time complexity as standard FVMs.

m Significantly more precise than existing FVMs.



Canonical traffic model (LWR, 1955-1956)

In the context of traffic, the LWR model is the reduced form of Eq. (P) to:

where:

m pc L'[0,7] x R) is the conserved quantity and represents traffic density,
m f:p— pv(p) is known as traffic flux.

Greenshields Model: Monotonically decreasing and bounded velocity function
v € C([0, pmax]; Ry ), with v(0) = vmax and v(pmax) = 0, defined by

,U:p'_)vmax<1_ £ )7
Pmax

which leads to the flux f € C?%([0, pmax); Ry ), which is genuinely nonlinear
(strictly concave in this case) and defined by

fIPHP’U(p):’UmaxP<1— & )

p max
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Figure: Network flow vs. density from road data points [AKN16].
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Fundamental diagram fit
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Predictive capabilities of different models

Initial conditions u(t =0, -)
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Predictive capabilities of different models
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Predictive capabilities of different models
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Properties of the solution

Analytical Properties of LWR:
m Let f € CH[0, pmax); R4 ), po € L N L*®(R), and T.V.(p,) < 0.

m Well-posedness conditions are met.
m The solution satisfies: for any s,¢ € [0,T], and x € R

lo(®) = ()| L1y < K [t = s[llpollp.y. »
||P(t>')||Loo(R) < ”/OOHLOO(R)’
(2, ')“T.V.(R) < ”pollT.V.(R)'



Entropy solution enforcement in NN solver

m The first question: Why not directly impose the entropy condition in the
loss function, in the unsupervised case? i.e.,

def ; ~
L(#) = arg min | _max [—R(po, v, k)]
0 peWwl>(0,T]xU),kER N ~ o
residual, entropy condition

R(u, p, k) = /OT/R lu — k|8tg0+/0T/R sign(u — B)[6(-, -, u) — d(:, -, k)]s (-, *)
_ /OT/R sign(u — k)0, ¢(-, -, u)p + /R luo — k| (0, ) > 0.



Entropy solution enforcement in NN solver

m The first question: Why not directly impose the entropy condition in the
loss function, in the unsupervised case? i.e.,

L(0) & arg min max [—R(pa, p, k)]
0 LeWl>=([0,T]xU),k€ER N oo ”

residual, entropy condition

m Let p,q € [1,+00] conjugate exponents, p the entropy solution. Then for
any function v € L1([0,T] x U), we have

—'R,(’U,Qp, k) 5 ”(p“WLP([O,T]XU) ”p o UHLQ([O,T]XL{) :

Theorem (Global NN-approx). For every u € BV([0,7] x U) and € > 0,

there is a NN solution 4 with O(¢72) number of neurons such that

lu = all 21 o,y < €

Tim De Ryck, Ameya D Jagtap, and Siddhartha Mishra. “Error estimates for physics-informed neural networks approximating the
Navier—Stokes equations”. In: IMA Journal of Numerical Analysis 44.1 (2024), pp. 83-119.



Entropy solution enforcement in NN solver

Let S & {(ts,zi) Yieqr,. .My C [0,T] x R. For fixed § € ©, p and k € R, the

training error is denoted by &7 (0, S, ¢, k) and

Er(0s,S,ps,ks) =~ mein max max Er(0,S8;¢, k)
TR

which is defined based on the NN-solution pg«. In addition, let

£(0) /R 196(T, 5) — (T, )| da.

Theorem [DJM24]|. With probability of at least 1 — §, we have that

K : _
£63) S (65,5, 5. k5) + Kayln (52 ) + (L+ - o) )

where the constants K7 and K5 depends on M (number of samples), L (number
of hidden layers) and W (width).

Tim De Ryck, Ameya D Jagtap, and Siddhartha Mishra. “Error estimates for physics-informed neural networks approximating the
Navier—Stokes equations”. In: IMA Journal of Numerical Analysis 44.1 2024 > 83-119



Imposing entropy solutions

Imposing Entropy Condition:
m Theoretical convergence to the Lentropy solution is guaranteed.

m [n practice, however, the problem becomes a min-max optimization prob-
lem.

m Computationally inefficient and prone to getting trapped in locally-optimal
solutions, leading to oscillatory behaviour.



Building blocks for supervised learning: Riemann problems

"Fundamental” problems for this PDE: Riemann probems
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Building blocks for supervised learning: Riemann problems

"Fundamental” problems for this PDE: Riemann probems
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General solution as combination of Riemann problems

Solution at t = 0.0s Exact Solution
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General solution as combination of Riemann problems

Computations of solutions: combinations of fundamental solutions
For simple flux functions: these solutions can be computed semi-explicitly
(explicit language)
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Supervised vs. unsupervised learning for PDEs

Classical Numerical Methods for PDEs:
m Finite Difference/Volume/Element methods [LeV02; Muf22; CD15].
Supervised Neural Network Approaches:

m Train NNs using labeled PDE solutions: CNNs [Z2Z18], GNNs [BWW22],
Neural Operators (FNO [Li+20], DeepONet [Lu+21]).

m Advantage: Can approximate PDEs from data without explicit PDE.

m Limitations: Large dataset required; no guarantees for physical properties
(entropy, conservation).

Unsupervised Neural Network Approaches:
m PINNs enforce PDE residuals in loss functions without training data [RPK19].

m Weak formulations (test functions) handle irregularities like shocks more
robustly [YF21; SWS23].

m Advantage: No explicit dataset required; physics embedded.

m Limitations: Standard PINNSs fail for hyperbolic PDEs with shocks [MM23;
DJM24]; need special weak-formulation techniques.



Supervised vs. unsupervised learning for PDEs

Challenges of Existing NN Solvers:
m Typical NN methods struggle with preserving:

m Regularity (functional space of existence)

m Entropy conditions (uniqueness/stability)

m Conservation laws (mass, momentum)

m Physical constraints (bounds, realistic behaviors)

Unique Difficulties with Hyperbolic PDEs:
m Solutions exhibit singularities such as shocks and expansion waves.

m High sensitivity to discretization errors, especially near discontinuities.



Supervised vs. unsupervised learning for PDEs

Our Solution: Neural Finite Volume Method (NFVM):

m Specifically designed NN architecture preserving essential PDE properties:

m Entropy conditions to ensure physical relevance.
m Stability and conservation laws inherently satisfied.

m Mitigate discretization accumulation errors found in classical schemes.

m Improves accuracy and stability of NN-based solvers for hyperbolic PDEs.

Goal: Bridge the gap between PDE theory and NN approximation, demonstrat-
ing NN’s capability to accurately capture critical solution behaviors of hyp|er-
bolic systems.
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Other canonical example: Burgers equation

The Burgers’ equation is a PDE used in various domains such as fluid mechanics,
nonlinear acoustics, gas dynamics, and traffic flow. It is a conservation law:

|
(9tu o 5833’11,2 =,

It is opposite to LWR because it has a strictly convex flux. As with LWR:
m Solutions may only exist in the weak formulation.
®m Smooth initial conditions may lead to non-differentiable solutions.

®m An entropic condition gives unicity to weak solutions.



Building blocks for a supervised learning (Burgers)

Consider the scalar conservation laws with the following initial condition (Rie-
mann problem):

o () = Ui Lz eun) + 08N fus>um
Then the Riemann solution (entropic solution) reads:

wur,, x/t < A
u(t,z) =< f~Hx/t), z/t € [A1,\2)
UR, x/t > Ao.

If u;, < up, the solution u represents a shock wave with A\1 = A9 defined by
the Rankine-Hugoniot condition, otherwise it is a rarefaction (expansion) wave
with A1 = f/(ur) and Ao = f'(ug).

t (s) t (s)

z (m) z (m)

(a) A rarefaction wave. (b) A shock wave.



Validation set: Lax Hopf formula

m The selected problems (LWR, Burgers) have exact solutions which helps evalu-
ating the performance of the proposed NN solvers against traditional schemes.

m Let us consider a convex flux function f. Let us recall the H-J reformulation.

m Considering the potential function u(t,x) = 0,£(t,x), the problem can be
presented in the H-J framework by

0:&(t, x) + H(0.£(t,x)) = 0.
m The Lagrangian (dual):

L(u) = igﬁ{uv — f(v)}

then, H = L* and H* = L.

m The Lagrangian L is convex and super-linear.



Validation set: Lax Hopf formula

[Lax57] provides an explicit solution for the H-J equations:

£(t,2) = inf {tL ( ;y> +§o(y>} .

For Burgers’, f(u) = % and L(v) = ”—22 Therefore, the explicit form becomes

(2 —y)*

£(t,2) & inf { >

yeR

+§o(y)}-

[CB10] proposed an explicit algorithm to calculate the solution of Lax-Hopf
equations for any piecewise-constant initial condition.

PD Lax. “Hyperbolic systems of conservation laws II". In: Communicati v Pur d Applied Mathematics 10.4 (1957), pp. 537-566.
Christian G. Claudel and Alexandre M. Bayen. “Lax Hopf Based InLﬂlp(l'lthl] uf lntmn'\l Bound'uv C mdltlon\ lntc Hamilton-Jacobi
Equation. Part II: Computational Methods”. In: IEEE Ty ctions on Automatic Control 55.5 (2010), pp. 1158-1174.



Nature of the error and illustration

Errors mostly occurs
- Close to the shocks (artefact of discretization)

- In the fans of the expansion waves

Exact Solution Absolute error of (0, 1)-Speed model prediction
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Finite volume approximation

Define cells by discretizing time and space:

n+1

nil Pi
t , Ax
n Flis  a Flar q Lit1/2 = iAr+ —
tn pi—] 1 pi - > Pi-l-—l 2
t, = nAt
Ti-1/2 Tig1/2
L 1 Tit1/2
Average density inacell:  pt = — f ptn, z)dz
Az LTi-1/2
) 1 tn-}—l
Average flux going between cells: ;1+1/2 — E / f(p(:z:i_,_Ug} t))dt
t‘ﬂ,

33



Finite volume method

Then, integrating the PDE over cells as follows:

f:"*: /fﬂﬂ ( (z,t) + a%(f(p(xjt)))D dt dz =0

yields the following relation, describing the average cell density in the next time step
as a function of the average flows entering and exiting that cell over time:

At
pitt = pit — Az (\ it1/2 — F?—1/2)

~

In classical numerical analysis:

approximated for forward computation 34



Different Numerical Schemes

Classical methods:
Lax-Friedrichs (Lax’s PhD with Friedrichs: 1949)

Godunov (1956)
Discontinuous Galerkin (DG)

More recent methods (post 1980’)
Engquist-Osher

- Essentially Non Oscillatory (ENO)

- Weighted Essentially Non Oscillatory (WENO)

35



Lax-Friedrichs (made at NYU)
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Engquist-Osher

) if p2, p1 < pe
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Weighted Essentially Non Oscillatory (WENO)

Sub-Stencil 2

1-2 -1 7 12+1 142

Sub-Stencil 1 \/V\/

Sub-Stencil 3

|dea:

Instead of using only one of the candidate stencils to form the
reconstruction, one uses a convex combination of all of them.

1 13 47 9 1
s J_-ﬁfrl 2 —a}ﬂ’.: i a}ﬂ,:'l'ﬁl!,” —ﬁ
Motice that this is a fifth-order accurate approximation if the function u(x) is
smooth in the large stencil 5. Further investigation on the fifth-order approxi-
lluilm'l tie2 0 (12) and the three third-order approximations n MY LN
and u ” o defined by (5), (7) and (2) reveals the following linear combina-
tion MIEIIM\hIp

".'-1- I]E}

(1
Hig1/a=7 er”I oyt 1r: I1+ ,r: ,, (13)

where the constants 7y, 73 and 74, satisfying 7 + 72+ 73 = 1, are called the
linear weights, In this case 111;;- take values

ML B (14)
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Comparison of some of the schemes | Initial condition po
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Forward computation (FVM)
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Forward computation (FVM)
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Figure: Illustration of the finite volume method.



Forward computation (FVM)
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Forward computation (FVM)
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Forward computation (FVM)
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Forward computation (FVM)
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Forward computation (FVM)
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Neural “approximation” of FVM schemes




Neural “approximation” of FVM schemes




Neural “approximation” of FVM schemes




NN architecture

Our method:
Architecture:

use a neural network as numerical flux.
1D CNN

m Kernel size: number of stencils used (2 for 1st order) for the first layer.
m Channels: 1 per timestep (Total is 1 for classic FVM).
m Layers: 6

m Hidden layer size: 15

m Learnt parameters: < 2000

The prediction updates 4" 1! given 4™ is as follows: Vj,m € [1,15] x [2, 5],

> 8

[ y(1,5) = tanh (b j) + w(1,5,1) * 4™)
Y(m,j) = tanh (b(m,j) + Z;lcszl w(m,j,k)'y(m—l,k))

where w(1,5,1) € RQ, W(m,j,k)> W6,1,k) € R, and b(l’j),b(m’j),b(ﬁﬂl) € R are the

A 15
F.+1/2 = b(6,1)§ Zk:l Wee,1,k)Y(5,k)
b [ a A
sn+1 _ sn n _ ™
= T Az (F‘—l/2 F'+1/2)

trained neural network parameters.



Unsupervised learning approach

Our method: use a neural network as numerical flux.
Architecture: 1D CNN
m Kernel size: number of stencils used (2 for 1st order) for the first layer.
m Channels: 1 per timestep (Total is 1 for classic FVM).
m Layers: 6
m Hidden layer size: 15
m Learnt parameters: < 2000

Supervised:
L = Eyup|lu—14|[5.

Where:

m D is a dataset of solutions to Riemann problems.

m y is a solution from D.

m ¢ is a solution computed using the NN on the same initial conditions as wu.

m While the solution is defined in L;, we optimise the solution in Lo over
a bounded domain, which is justified by uniqueness; in order to enable

strictly convex optimisation. c4



Supervised learning approach (weak-PINN)

Our method: use a neural network as numerical flux.
Architecture: 1D CNN

m Kernel size: number of stencils used (2 for 1st order) for the first layer.
m Channels: 1 per timestep (Total is 1 for classic FVM).

m Layers: 6

m Hidden layer size: 15

m Learnt parameters: < 2000

Supervised:
L=E,.p|lu—13

Unsupervised:

£=E@eq>,uo~n/T(/X@tﬁ(tw)w(ﬂ+/Xf(ﬁ(tw))99’(°))2dt

where ® is a set of suitable test functions, R is a distribution of random Riemann

initial conditions and X and 7T are the space and time domains. -



Tradeoffs

NFVM UNFVM FVM DG
Doesn’t need the equation v X X X
Doesn’t need data X v v v
Computationally cheap Vv v v X
Easy to implement v v ~* X
Easy to scale up stencil size v v X X
Conservation of mass is guaranteed v v v v

*Some FVM methods are trivial to implement (e.g. Godunov), while higher-
order methods can be more complicated (e.g. ENO/WENO).
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Predictive capabilities of the NN approach

Greenshield’s Triangular Triangular 2 Trapezoidal = Greenberg  Underwood

VA7 lcl )
2V ) Il ]
4V J6 (&

Figure: Ground truth vs. NFVM prediction on 2 different initial conditions. 57
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Predictive capabilities of the NN approach
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L+ error

Figure: Convergence plot for the Greenshield’s flux. Standard deviation is shown| as
error bars. The ratio At/Az = 0.1 is fixed.
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Local features of solutions

A === Exact — NFVM
T —— UNFVM — Godunov
=
3
=
=
)
=
@)
N
—0.1 0 0.1
Space (x)
1% order FVM Higher order FVM FEM
NFVM UNFVM GD EO ENO WENO D@

L1
L2
Rel.

1.2 24263 1.6 24363 2.1 24463 2.1e 24463 || 1.9e 24723 2.0e 44763 || 1.9¢ 2 +4e4
8.5¢ Y4+3¢1 1.3¢ 34664 1.9¢ 3474 1.8¢ 3+664||2.7¢ 3+1e8 2.8¢ 3+13||1.06 2 +465

5.9 24162 8.5¢ 24262 1.6 14462 1.5e 1+462||1.56 14562 1.5¢ 24502 |[1.1e 2453

Table: Results on Burgers with piecewise-constant initial conditions.
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Local features of solutions

T -0.3
-1
g
g —04 -== Exact =—— NFVM
< —— UNFVM =—— Godunov = {Mqoe=eammn-+"
—4 —-3.5 -3 —2.5 —2 —-1.5 —1 —0.5 2O
Space (x) 107
1% order FVM Higher order FVM FEM
NFVM UNFVM GD EO ENO WENO DG

L1 ||1.2e7 24263 1.6 243¢3 2.1e 24463 2.1e 2443 [[1.9¢6 2473 2.0e 473 |[1.9e 3 +4e4
L2 |[|8.567 2 L2 18672 et 1.96 3 L7 1.86 3164|276 P 1162 2.867 2213 || 110672 £des5

Rel.||5.9¢ 2+1¢2 8.5¢ 24262 1.6 14462 1.5¢ 1442 |[1.5¢ 14562 1.5¢2+562|[1.16 24563

; . . - i 62
Table: Results on Burgers with piecewise-constant initial conditions.



Local

features of solutions

i 01l =" Exact = NFVM
T ' s [N FV M s Godunov
3=, 0
S
-
S —0.1
-~
=
o
o —0.2
—01 -—95.1072-9-1072—-85-10"2—-8-10"2—-7.5-10"2—-7-10"2
Space (x)
1% order FVM Higher order FVM FEM
NFVM UNFVM GD EO ENO WENO DG
L1 [|1.26 24258 1.8 24ae® 2.1¢ % +aa® 210 24463 || 196 2 £763 2.0 4476738 || 1.96 2 44a2
L2 ||8.5e % +3¢4 1.83¢ 3+6e 2 1.9¢ 3+7¢4 1.8 3+6e4|]2.7¢ 3+1e3 2.8 3413 || 1.0e % +4c5
Rel.[|5.9e72+1¢72 8.5¢2+2¢2 1.6 1+4e2 1.5 1+4e2|[1.5e 14562 1.5¢ 2452 ||1.1e 2 +5¢3

Table: Results on Burgers with piecewise-constant initial conditions.
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NFVM architecture: 1D CNN
m Input size (space): 2 cells (same as 1st order FVMs)
m Input size (time): 1 timestep (same as classical FVMs)
m Layers: 6 hidden layers of size 15

m Learnt parameters: ~ 1200

NFVM; architecture: 1D CNN
m Input size (space): 5 cells
® Input size (time): 5 timesteps
m Layers: 6 hidden layers of size 15

m Learnt parameters: ~ 1600

The CNN-based architecture can easily be scaled up to larger inputs; deLsigning
explicit numerical methods with several input timesteps is much more complex. 64



Unleashing stencils
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Local features of the 5X5 stencil
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Figure: Burgers. 68



Local features of the 5X5 stencil
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Figure: LWR with Greenshields flow. 69



Local features of the 5X5 stencil
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Numerical errors
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(a) Burgers. (b) Greenshield’s. (c) Triangular.
Godunov WENO NFVM?3 DG
Burgers (L2) 1.88 #1e—+ 268 sie=® 22 Fzi=t 1.0e i~
Greenshield’s (L2)| 4.1e %11c-4 6.9 4 14e-4  4.6e %135 4.2€ 7125
Triangular (I2) | 2287 %1% 2.06 P20~ 2098 224 2.78 %114
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Supervised learning on field data

Figure: Trajectories are extracted from drone-recorded highway video data.

m 12 videos recorded by a drone above a highway (4K, 30 FPS).
m Videos annotated using a vehicle detection and tracking algorithm.
® 15 minutes of data.

m 4 visible stop-and-go waves.

Fangyu| Wu et al. “Decentralized vehicle coordination: The Berkeley deepdrive drone dataset”. In: arXiv preprint arXiv:2209.087635 (2

022). 72



Drone data set




Training and validation set
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Figure: Time-space diagram of vehicle trajectories extracted from the drone video,
color-coded by density.



Training and validation set
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Figure: Time-space diagram of vehicle trajectories extracted from the drone video,
color-coded by density.



Training and validation set

m Flow f4 (e.g. Greenshields, Triangular...) with parameters ¢ (vmax, kmaz---)-
® Numerical scheme v (e.g. Godunov, ENO...).
m Let @y, 5, be the forward prediction using scheme 1) and flow fy.

m Optimal flow parameter are found by solving the following problem:

arg m(;n |w — Gy, 14 || 2-

where u is the ground truth (training set).

m We solve this problem by grid search for each of 5 flows and 5 schemes,
resulting in 25 different predictions.



Forward computation with regular FVM schemes

Greenshield’s Triangular Trapezoidal Greenberg Underwood

Figure: Forward prediction on training data with best flow parameters.



Forward computation with regular FVM schemes

Greenshield’s Triangular Trapezoidal Greenberg Underwood

{ :( il JJ B

Figure: Forward prediction on the whole dataset data with best flow parameters.



Winners comparison

Ground truth

Best FVM result
(1 = WENO)
(f = Triangular)

NFVM

NFVMS




m The first natural generalization of scalar conservation laws equations.

m Considering the problem of the form:

{ Bup(t, x) + Bz f(v(x), plt, x))] = O,
p(0,2) = po(z).

s Why this PDE:

m The Riemann solution is not as simple.
m Loses one of the main requirements: No bounded variation!!

Op+ Ox[f(7,p)] =0
8{7 =il

The Jacobian is degenerate (coinciding eigenvalues). The system is
resonant and hence no total variation.
m Can we still learn the entropy solution?



What is mixed autonomy?

The coexistence of CAVs and human driven vehicles

cAv: (D

Autonomous,
Onboard policy (learned)
Connected to other CAVs

Prof. Cathy Wu, MIT

Other vehicle 1_B

Following human dynamics
(car following model)




How can mixed autonomy be used?
CAVs can be used to control traffic

Prof. Cathy Wu, MIT

|4 Video J

Interface Forecast Estimation




Local sensing

CAVs can sense vehicles around them

cAv: D

Autonomous,
Onboard policy (learned)
Connected to other CAVs

Prof. Cathy Wu, MIT

Sensed vehicle: 1B

Sensed by CAV proximity
Or other [C]onnected vehicle

Other vehicle 1_B !

Following human dynamics
(car following model)




Longitudinal control

SCENARIO 1: Single Lane(4 AVs, 7 Human) Prof. C. Wu, " : \
All tests on Day 2 (Wednesday), and most test on Day 3 (Friday) MIT \

Rental 11, Rental1o, VU-1, Rental 8, UCB-2, Rental 6, UCB-1, Rental 4, AZ-3, Rental 2,

Rental 1
SCENARIO 1:Single Lane(4 AVs, 7 Human)

Last Test on Day 3 (Friday) was on Lane 3

Rental 11, Rental1o, VU-1, Rental 8, UCB-2, Rental 6, UCB-1, Rental 4, AZ-3, Rental 2,
Rental 1



MegaController Overview

GPS/CAN GPS/CAN

—> y
N i -
Main controller Main gap setting
v controller* speed setting

Lane
change
detection

Lane change
recover

ave prototype, needswo
** Little/no work done



VanderTest: Testbed, exit 66 to exit 57 (Summer 2021)

Our test ran from a retail space
near “Rue 21.” We entered |-24 at
exit 66 and this ran Westbound to
Haywood lane (exit 57). The red
line shows the location of Murad
piloting the drone. This was
between exit 60 and 5g.

Initially, we signaled Murad with a
text from the passenger of the
lead vehicle as he passed mile 64;
it was determined that we should
signal sooner.

We started letting Murad know as

wia antoarad +ha rasA s F mila A&



GPS/CAN GPS/CAN

—> y
N i -
Main controller Main gap setting
v controller* speed setting

Lane
change
detection

Lane change
recover

ave prototype, needswo
** Little/no work done




Bottleneck Identification +

Distinguish shockwave and standing bottleneck - Real INRIX

INRIX on July 28

| 1
AU RU ] 1'IIII

bl

o ] H. Wang
Bottleneck Identification yc Berkeley

l lel | A I
i
.

|I|I| I |
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Speed planner

GPS/CAN GPS/CAN

—> y
N i -
Main controller Main gap setting
v controller* speed setting

Lane
change
detection

Lane change
recover

ave prototype, needswo
** Little/no work done




Speed planner

speed 1

20 mph

L

(&)

} Some policy applied {

Speed
planner

Macro speed

\

-

positioﬁ

Z. Fu, UC Berkeley

Estimate of the macro
speed (INRIX)

Generate a speed planner
speed profile and broadcast
to vehicles



Speed planner

Z. Fu, UC Berkeley
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Fleet management




124 MOTION: video-generated trajectories

Prof. D. Work, Vanderbilt



&

Prof. D. Work, Vanderbil

t

4 miles of cameras observing all vehicles



One day of operations in one picture










One day of operations in one picture
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One day of operations in one picture




Transportation Science, Aug. 1961... first time space diagram
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R-W GROUP DEVELOPS FREEWAY STUDY SYSTEM
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FIGURE ONE—A time-distance-density contour graph of traffic on the Holly-
wood Freeway at the rush hour is prepared from a simple analysis of aerial
photos similar to those below. The chart records the traffic density (figures
in vertical columns) at given points on the freeway for each pass of the
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Lane 1 (HOV lane)

=8 —= 12 =—%§£§:;§—?§_ i = N

ll
Il
|
I
] il M %%HHH"" i
il
|P u

I
I

il

I

|

n
Il

IIIIIIIIIIHIII
Mg

IHIIIII
|

l
|
li
I

|

i
I
i
I

|
-
Il

il
i
iy
I

il
il
|I

; (0]
: é 08:00
i :50
| 07:40 07

- 07:20

i :10 -
07:00 v I-24 MOTION: data and tools

. ies for |-

06i50

06:40
:30 -B. (202
06:20 06 har, G., Barbour, W., & Work, D
char, &,



Mile Marker
"ld (T

L

06:20 06:30 06:40 06:50 07:00 07:10 07:20 07:30 07:40
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Scatterplot Convex Hull: Tuesday, Nov 15, 7-9 am CST

Acceleration

Data Points

20 30 40
welocity

A scatterplot of velocity-
acceleration pairs. We consider
data on Tuesday, November
15th, 2022, from 7:00 am to 9:00
am CST, which we sample at a
1:1000 rate.

Comparing to Friday, we note
that the convex hull bounding
99% of the data points is larger
in the absence of AVs, and that
the data appear in two distinct
clusters, indicating stop-and-go
waves



Scatterplot Convex Hull: Friday, Nov 18, 7-9 am CST

Acceleration

Data Points

20

Velocity

30

A scatterplot of velocity-
acceleration pairs. We consider
data on Friday, November 18th,
2022, from 7:00 am to 9:00 am
CST, which we sample at a
1:1000 rate.

Comparing to Tuesday, we note
that the convex hull bounding
99% of the data points is
smaller with AVs, and that the
data appears to be more spread
out, indicating smoothing.
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Spead difference

Fuil cansumption difference
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Verbalizing the action of the controller

Contextual data is
concatenation of environment

environment textually. .«
A . context, AV state, and policy @ User Query: “Whyare you
description. slowing down?”

Extract scene, describe

Environment
Context

l': Response: /it Thevehiclein

Task Instructions . i
frontof usis slowingdown,

Text description of Prompt sent to LLM likely due to congestion. | am
agent (AV) state {: decelerating at 2 m/s?
D [: > =>
Contextual Data preemptively. This will help
smooth the deceleration of

Agent State Few Shot Out-of-box LLM vehicles behind me,
{: Examples preventing sudden stop-and-
— go behavior.
e e s K few-shot examples

inserted into prompt

Description of policy, ﬂ9[+)
reward model, and

. Few Shot Database
action taken.



Verbalizing the action of the controller

Speeds (mph)

Leader Vehicle Speed: 56.4 mph

Time Series Data

L
50
40
30 1
20
Free Flow
10 A
00:54:00 00:54:10

T
00:54:20

+
00:54:30

Time

T
00:54:40

T
00:54:50

T
00:55:00

leader_speed_data
vel_data
flowmo-set-speed_data

v
00:55:10




gy\§ TDOT

>, 7 " N1t|ornl
Department of X

. Transportatio il R ;
GreSham # Deutsches Zentrum

TCaai [ LI
[ 0 ca Il Per ‘ Smlth DLR fiir Luft- und Raumfahi

Mapping & Tlanspnrlahcn Software Solutions German Aerospace Center

ITSBerkeley @GP IQJTGERS W TEMPLE A N

Université
oniversity | camoen Mol UNIVERSITY® "y e

OF ARIZONA ar Eiffel

OF TR,
X N,
&

) &
eq nowd




Questions




	Slide 1: Supervised vs. unsupervised learning for hyperbolic PDEs: application to traffic forecast
	Slide 2: Problem statement
	Slide 3: Definition of the solution
	Slide 4: Well-posedness (Kruzkov, 1970)
	Slide 5: Possible generalization to broader class of hyperbolic PDEs
	Slide 6: Main goal of the approach
	Slide 7: Main contributions
	Slide 8: Canonical traffic model (LWR, 1955-1956)
	Slide 9: Fundamental diagram fit
	Slide 10: Fundamental diagram fit
	Slide 11: Example: traffic: Lighthill Whitham Richards
	Slide 12: Predictive capabilities of different models
	Slide 13: Predictive capabilities of different models
	Slide 14: Predictive capabilities of different models
	Slide 15: Properties of the solution
	Slide 16: Entropy solution enforcement in NN solver
	Slide 17: Entropy solution enforcement in NN solver
	Slide 18: Entropy solution enforcement in NN solver
	Slide 19: Imposing entropy solutions
	Slide 20: Building blocks for supervised learning: Riemann problems
	Slide 21: Building blocks for supervised learning: Riemann problems
	Slide 22: General solution as combination of Riemann problems
	Slide 23: General solution as combination of Riemann problems
	Slide 24: Supervised vs. unsupervised learning for PDEs
	Slide 25: Supervised vs. unsupervised learning for PDEs
	Slide 26: Supervised vs. unsupervised learning for PDEs
	Slide 27: Training set
	Slide 28: Other canonical example: Burgers equation
	Slide 29: Building blocks for a supervised learning (Burgers)
	Slide 30: Validation set: Lax Hopf formula
	Slide 31: Validation set: Lax Hopf formula
	Slide 32: Nature of the error and illustration
	Slide 33: Finite volume approximation
	Slide 34: Finite volume method
	Slide 35: Different Numerical Schemes
	Slide 36: Lax-Friedrichs (made at NYU)
	Slide 37: Godunov
	Slide 38: Engquist-Osher
	Slide 39: Weighted Essentially Non Oscillatory (WENO)
	Slide 40: Comparison of some of the schemes
	Slide 41: Comparison of some of the schemes
	Slide 42: Comparison of some of the schemes
	Slide 43: Forward computation (FVM)
	Slide 44: Forward computation (FVM)
	Slide 45: Forward computation (FVM)
	Slide 46: Forward computation (FVM)
	Slide 47: Forward computation (FVM)
	Slide 48: Forward computation (FVM)
	Slide 49: Forward computation (FVM)
	Slide 50: Neural “approximation” of FVM schemes
	Slide 51: Neural “approximation” of FVM schemes
	Slide 52: Neural “approximation” of FVM schemes
	Slide 53: NN architecture
	Slide 54: Unsupervised learning approach
	Slide 55: Supervised learning approach (weak-PINN)
	Slide 56: Tradeoffs
	Slide 57: Predictive capabilities of the NN approach 
	Slide 58: Predictive capabilities of the NN approach 
	Slide 59: Predictive capabilities of the NN approach 
	Slide 60: Predictive capabilities of the NN approach 
	Slide 61: Local features of solutions
	Slide 62: Local features of solutions
	Slide 63: Local features of solutions
	Slide 64: Complexity
	Slide 65: Unleashing stencils
	Slide 66: Unleashing stencils
	Slide 67: Unleashing stencils
	Slide 68: Local features of the 5X5 stencil
	Slide 69: Local features of the 5X5 stencil
	Slide 70: Local features of the 5X5 stencil
	Slide 71: Numerical errors
	Slide 72: Supervised learning on field data
	Slide 73: Drone data set
	Slide 74: Training and validation set
	Slide 75: Training and validation set
	Slide 76: Training and validation set
	Slide 77: Forward computation with regular FVM schemes
	Slide 78: Forward computation with regular FVM schemes
	Slide 79: Winners comparison
	Slide 80: Future work
	Slide 81: What is mixed autonomy? The coexistence of CAVs and human driven vehicles
	Slide 82: How can mixed autonomy be used? CAVs can be used to control traffic
	Slide 83: Local sensing CAVs can sense vehicles around them
	Slide 84: Longitudinal control
	Slide 85: MegaController Overview
	Slide 86: VanderTest: Testbed, exit 66 to exit 57 (Summer 2021)
	Slide 87: INRIX
	Slide 88: Bottleneck Identification +
	Slide 89: Speed planner
	Slide 90: Speed planner
	Slide 91: Speed planner
	Slide 92: Installing/uninstalling 100 cars
	Slide 93: Fleet management
	Slide 94: I24 MOTION: video-generated trajectories
	Slide 95
	Slide 96: One day of operations in one picture
	Slide 97: One day of operations in one picture
	Slide 98: One day of operations in one picture
	Slide 99: One day of operations in one picture
	Slide 100: One day of operations in one picture
	Slide 101: Transportation Science, Aug. 1961… first time space diagram
	Slide 102
	Slide 103
	Slide 104
	Slide 105
	Slide 106
	Slide 107: Scatterplot Convex Hull: Tuesday, Nov 15, 7-9 am CST
	Slide 108: Scatterplot Convex Hull: Friday, Nov 18, 7-9 am CST
	Slide 109
	Slide 110
	Slide 111: Speed distribution vs distance to nearest engaged AV
	Slide 112: Speed distribution vs distance to nearest engaged AV
	Slide 113: Speed distribution vs distance to nearest engaged AV
	Slide 114: MVT
	Slide 115: Questions

