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Problem statement



Definition of the solution



Well-posedness (Kruzkov, 1970)



Possible generalization to broader class of hyperbolic PDEs



Main goal of the approach



Main contributions



Canonical traffic model (LWR, 1955-1956)
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Fundamental diagram fit
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Fundamental diagram fit
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Example: traffic: Lighthill Whitham Richards



Predictive capabilities of different models



Predictive capabilities of different models



Predictive capabilities of different models



Properties of the solution



Entropy solution enforcement in NN solver



Entropy solution enforcement in NN solver



Entropy solution enforcement in NN solver



Imposing entropy solutions



Building blocks for supervised learning: Riemann problems

”Fundamental” problems for this PDE: Riemann probems

20

The solution to the Riemann 

problem depends on the flux 

function



Building blocks for supervised learning: Riemann problems

”Fundamental” problems for this PDE: Riemann probems
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The solution to the Riemann 

problem depends on the flux 

function
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General solution as combination of Riemann problems



General solution as combination of Riemann problems
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Computations of solutions: combinations of fundamental solutions
For simple flux functions: these solutions can be computed semi-explicitly 
(explicit language)



Supervised vs. unsupervised learning for PDEs



Supervised vs. unsupervised learning for PDEs



Supervised vs. unsupervised learning for PDEs
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Training set

Training set is composed of large number 
of solutions of Riemann problems :



Other canonical example: Burgers equation



Building blocks for a supervised learning (Burgers)



Validation set: Lax Hopf formula



Validation set: Lax Hopf formula
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Nature of the error and illustration

Errors mostly occurs
- Close to the shocks (artefact of discretization)
- In the fans of the expansion waves



Finite volume approximation

Define cells by discretizing time and space:

Average density in a cell: 

Average flux going between cells:
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Finite volume method

Then, integrating the PDE over cells as follows:

yields the following relation, describing the average cell density in the next time step 
as a function of the average flows entering and exiting that cell over time:  

In classical numerical analysis: 
approximated for forward computation 34



Different Numerical Schemes

Classical methods:
- Lax-Friedrichs (Lax’s PhD with Friedrichs: 1949)
- Godunov (1956)
- Discontinuous Galerkin (DG)

More recent methods (post 1980’)
- Engquist-Osher
- Essentially Non Oscillatory (ENO)
- Weighted Essentially Non Oscillatory (WENO)
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Lax-Friedrichs (made at NYU)
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Godunov
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Engquist-Osher
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Weighted Essentially Non Oscillatory (WENO)

Idea:

Instead of using only one of the candidate stencils to form the 
reconstruction, one uses a convex combination of all of them.
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Comparison of some of the schemes



Comparison of some of the schemes
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Comparison of some of the schemes
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Forward computation (FVM)



Forward computation (FVM)



Forward computation (FVM)



Forward computation (FVM)



Forward computation (FVM)



Forward computation (FVM)



Forward computation (FVM)



Neural “approximation” of FVM schemes



Neural “approximation” of FVM schemes



Neural “approximation” of FVM schemes
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NN architecture
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Unsupervised learning approach
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Supervised learning approach (weak-PINN)
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Tradeoffs



57

Predictive capabilities of the NN approach 
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Predictive capabilities of the NN approach 
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Predictive capabilities of the NN approach 
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Predictive capabilities of the NN approach 
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Local features of solutions
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Local features of solutions
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Local features of solutions
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Complexity
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Unleashing stencils
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Unleashing stencils
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Unleashing stencils
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Local features of the 5X5 stencil
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Local features of the 5X5 stencil
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Local features of the 5X5 stencil
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Numerical errors
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Supervised learning on field data



Drone data set



Training and validation set



Training and validation set



Training and validation set



Forward computation with regular FVM schemes



Forward computation with regular FVM schemes



Winners comparison



Future work



What is mixed autonomy?
The coexistence of CAVs and human driven vehicles

CAV:
Autonomous, 
Onboard policy (learned)
Connected to other CAVs

Other vehicle
Following human dynamics 
(car following model)

Prof. Cathy Wu, MIT



How can mixed autonomy be used?
CAVs can be used to control traffic

Prof. Cathy Wu, MIT



Local sensing
CAVs can sense vehicles around them

CAV:
Autonomous, 
Onboard policy (learned)
Connected to other CAVs

Sensed vehicle:
Sensed by CAV proximity
Or other [C]onnected vehicle

Other vehicle
Following human dynamics 
(car following model)

Prof. Cathy Wu, MIT



Longitudinal control
SCENARIO 1: Single Lane(4 AVs, 7 Human)

All tests on Day 2 (Wednesday), and most test on Day 3 (Friday)

11                    10                      9                       8                       7                          6   5                        4                    3                     2              1

Rental 11, Rental10, VU-1, Rental 8, UCB-2 , Rental 6, UCB-1, Rental 4,  AZ-3,  Rental 2, 
Rental 1

Rental 11, Rental10, VU-1, Rental 8, UCB-2 , Rental 6, UCB-1, Rental 4,  AZ-3,  Rental 2, 
Rental 1
                                                

 Rental 2 driver: Arthur S.   Rental 2 passenger: Jonny L.

SCENARIO 1: Single Lane(4 AVs, 7 Human)
Last Test on Day 3 (Friday) was on Lane 3 

11                    10                      9                       8                       7                          6   5                        4                    3                     2              1

Prof. C. Wu, 
MIT



MegaController Overview

INRIX ingest clean

clean*

fuse** speed planning*

Server

Toyotas/GM Nissans

Lane 
change 

detection

GPS/CAN GPS/CAN

Lane change 
recovery

Main controller
Main 

controller*
accel

gap setting
speed setting

* Have prototype, needs work
** Little/no work done

ingest



VanderTest: Testbed, exit 66 to exit 57 (Summer 2021)

Our test ran from a retail space 
near “Rue 21.” We entered I-24 at 
exit 66 and this ran Westbound to 
Haywood lane (exit 57). The red 
line shows the location of Murad 
piloting the drone. This was 
between exit 60 and 59.

Initially, we signaled Murad with a 
text from the passenger of the 
lead vehicle as he passed mile 64; 
it was determined that we should 
signal sooner. 

We started letting Murad know as 
we entered the road at mile 66.



INRIX

INRIX ingest clean

clean*

fuse** speed planning*

Server

Toyotas/GM Nissans

Lane 
change 

detection

GPS/CAN GPS/CAN

Lane change 
recovery

Main controller
Main 

controller*
accel

gap setting
speed setting

* Have prototype, needs work
** Little/no work done

ingest



Bottleneck Identification +

Distinguish shockwave and standing bottleneck - Real INRIX

INRIX on July 28 Bottleneck Identification
H. Wang

UC Berkeley



Speed planner

INRIX ingest clean

clean*

fuse** speed planning*

Server

Toyotas/GM Nissans

Lane 
change 

detection

GPS/CAN GPS/CAN

Lane change 
recovery

Main controller
Main 

controller*
accel

gap setting
speed setting

* Have prototype, needs work
** Little/no work done

ingest



Speed planner

Z. Fu, UC Berkeley



Speed planner

Z. Fu, UC Berkeley



Installing/uninstalling 100 cars



Fleet management



I24 MOTION: video-generated trajectories

Prof. D. Work, Vanderbilt



4 miles of cameras observing all vehicles

New Instrument for Freeway Traffic Science 

Prof. D. Work, Vanderbilt



One day of operations in one picture



One day of operations in one picture



One day of operations in one picture



One day of operations in one picture



One day of operations in one picture



Transportation Science, Aug. 1961… first time space diagram



~ 4 miles

45 minutes



Lane 1 (HOV lane)
Nov 22, 2022, I-24 Westbound to Nashville

Ji, J., Wang, Y., Gloudemans, D., Zachár, G., Barbour, W., & Work, D. B. (2023). Virtual trajectories for I-24 MOTION: data and tools. 



Nov 22, 2022, I-24 Westbound to Nashville

Lane 2

Ji, J., Wang, Y., Gloudemans, D., Zachár, G., Barbour, W., & Work, D. B. (2023). Virtual trajectories for I-24 MOTION: data and tools. 



Lane 3
Nov 22, 2022, I-24 Westbound to Nashville

Ji, J., Wang, Y., Gloudemans, D., Zachár, G., Barbour, W., & Work, D. B. (2023). Virtual trajectories for I-24 MOTION: data and tools. 



Lane 4 Nov 22, 2022, I-24 Westbound to Nashville

Ji, J., Wang, Y., Gloudemans, D., Zachár, G., Barbour, W., & Work, D. B. (2023). Virtual trajectories for I-24 MOTION: data and tools. 

Lane 4



Scatterplot Convex Hull: Tuesday, Nov 15, 7-9 am CST

A scatterplot of velocity-
acceleration pairs. We consider 
data on Tuesday, November 
15th, 2022, from 7:00 am to 9:00 
am CST, which we sample at a 
1:1000 rate. 

Comparing to Friday, we note 
that the convex hull bounding 
99% of the data points is larger 
in the absence of AVs, and that 
the data appear in two distinct 
clusters, indicating stop-and-go 
waves



Scatterplot Convex Hull: Friday, Nov 18, 7-9 am CST

A scatterplot of velocity-
acceleration pairs. We consider 
data on Friday, November 18th, 
2022, from 7:00 am to 9:00 am 
CST, which we sample at a 
1:1000 rate. 

Comparing to Tuesday, we note 
that the convex hull bounding 
99% of the data points is 
smaller with AVs, and that the 
data appears to be more spread 
out, indicating smoothing.



For each distance (bin), different percentiles of the data are shown as well as the mean of the data (for fuel consumption, 
data for speeds below 1m / s are excluded from the mean, as fuel per distance is not defined for non -moving vehicles). The 
results indicate that behind an AV, fuel consumption (g / m) is lower than ahead of an AV. The speed graphs reveal that 
data for distances below 30m may not be reliable because traffic waves cause a spurious correlation between speeds and 
distances between vehicle as well calibration errors from different data sources and mappings. (GPS and MOTION)



The results indicate that behind an AV, fuel consumption (g / m) is lower than ahead of an AV when 
comparing equal distance bins behind vs ahead of an AV. The change in mean and median is mostly in the 
range of 5-10% less behind compared to ahead for distances below 250m. The speed graph in the 30-50m 
range highlights the AV tendency to leave bigger gaps ahead so vehicles sampled in these bins are more likely 
to be in congested traffic. Further distances show a neutral to slightly positive effect on the average speed 
behind compared to ahead.



Speed distribution vs distance to nearest engaged AV



Speed distribution vs distance to nearest engaged AV

Agent State

Environment 
Context

Description of policy, 

reward model, and 

action taken.

Task Instructions

Contextual Data

Few Shot 
Examples

Text description of 

agent (AV) state

Extract scene, describe 

environment textually.

Contextual data is 

concatenation of environment 

context, AV state, and policy 

description.

Few Shot Database

K few-shot examples 

inserted into prompt

Out-of-box LLM

Prompt sent to LLM

User Query: “Why are you 

slowing down?”

Response:  The vehicle in 

front of us is slowing down, 

likely due to congestion. I am 

decelerating at 2 m/s² 

preemptively. This will help 

smooth the deceleration of 

vehicles behind me, 

preventing sudden stop-and-

go behavior.

Verbalizing the action of the controller 



Speed distribution vs distance to nearest engaged AV

Verbalizing the action of the controller 



MVT



Questions
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