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Grid-adaptation for large eddy simulations:

a sequence of ideas over 10+ years



Current practice in grid-generation:  manual, based on user experience

• requires a lot of human time
• grids may be far from “optimal” – unnecessarily many cells in some regions
• not systematic – different users end up with different grids and possibly different results

What it should be like:  automatic, a fully integrated part of the solution process/algorithm

• user should specify the desired accuracy for quantities-of-interest, or the available computational budget

The grid is the most important factor in LES numerical PDEs
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large, inviscid 

eddies

small, viscous 

eddies



Grid-adaptation in LES is different – the desired solution is “rough”
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The residual is the source term of error => grid-adaptation should try to reduce the residual

Numerical analysis: can we speak of the “leading order error term” in LES?

Thought-experiment: what happens if you refine the grid of a typical LES?

resolved + modeled stress =

residual estimate after interpolating onto a refined grid

actual LES



LES residual estimators
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A numerical experiment to assess LES residual estimators1:

Channel flow with ΤΔ ℎ = 1.6 to minimize numerical errors

1 Toosi & Larsson (CaF 2020)
2 Geurts & Frohlich (PoF 2002)
3 Pope (NJPhys 2004)
4 Celik et al (JoT 2009, JFE 2009)
5 Klein et al (FTC 2005, JoT 2006)
6 Legrand et al (AIAA conf 2018)

Celik et al4

Klein et al5

MR-LES6

2

3,

The conventional wisdom that LES is accurate 

if some fraction (usually assumed to be 80%) 

of the energy is resolved is simply wrong

Δ𝑥+, 𝑦𝑤
+, Δ𝑧+ = (70,1.3,30)



General grid-adaptation process
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1.  Estimate the residual = source of error = 

B2.  Model how the residual would change with a different grid-spacing ∆

B3.  Find the optimal grid-spacing that minimizes the total residual at a fixed computational cost

residual “density” computed from 

old solution/grid

element-integrated residual is 

equi-distributed in space

B4.  Create a new grid with a resolution as close to Δopt as possible

Figure from Nemec et al (AIAA conf 2008)

Path A: split cells

Path B: re-generate grid

choose Lagrange multiplier 𝜆 to 

get desired number of elements



6

Attempt #1:

directional small-scale energy



Small-scale energy in a directional sense

Some approaches (Pope1, Bose et al2) refine based on the energy in the smallest scales

• E.g. (Bose et al): compute energy in high-pass test-filtered (small scale) velocity field

7

1 Pope (NJoP 2004)
2 Bose et al (CTR 2011)
3 Hebert and de Bruyn Kops (PoF 2006)

and then refine based on k* – this answers where to refine, but not how to

Isotropic turbulence3

Wall-turbulence in the buffer layer with an isotropic grid

k* “small” k* “large”

k* “large” – but misses the point
Potential saving of anisotropic grid-adaptation 

for wall-turbulence starting from isotropic grid:



In LES, the small-scale energy is not isotropic
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The basic hypothesis of this work:

The directional nature of the smallest resolved scales 
says something about the required grid-spacing

Example:  Mach 0.9 jet by Bres et al1 on a 

user-generated unstructured grid

k* (small-scale energy)

Directional small-scale energy

1 Bres et al (AIAA 2016-3050)



Proposed anisotropic error indicator – structured grids

9

For structured grid, trivial to implement 1D directional filters:

(low-pass test-filtered)

(high-pass test-filtered)

Refine in each direction only if

is larger than some threshold (and similarly in the other directions)

1 Toosi and Larsson (AIAA 2017)

For example:



Proposed anisotropic error indicator – general geometries1
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A differential, directional test-filter:

Key difficulty – how to directionally test-filter in arbitrary geometries? 

Approximate inversion2:

High-pass filtered (i.e., small-scale component):

Error indicator in any direction: 

1 Toosi and Larsson (AIAA 2017)
2 van Cittert (1931)

Entirely a post-

processing operation!



Test for channel flows – where the “optimal” grid is known
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Solution-adaptive finite-difference code,

6th-order central / 5th-order WENO, minimal numerical dissipation

Dynamic Smagorinsky model

Constant mass flux

The code used for this problem solves the compressible Navier-Stokes equat ions for a calor-

ically perfect gas on st ructured Cartesian grids using sixth-order accurate central differencing

schemes with a split form (skew-symmetric in the limit of zero Mach number) of the convect ive

terms for increased numerical stability. Numerical noise is removed by a numerical sixth-order

hyper-viscosity term in conservat ive form; the effect of this (very low level of) numerical high

wave-number dissipat ion has been assessed and found negligible for the cases in this study.

Time-integrat ion is handled by classic fourth-order Runge-Kutta. The code has been used in

mult iple prior studies, including of channel flows [21].

The channel flows are driven by a spat ially uniform body force that is adjusted at each t ime

step to maintain a constant bulk velocity Ub. The walls are isothermal. The bulk Mach number,

defined as the rat io of Ub and the speed-of-sound at the walls, is 0.8, which is a compromise

between having minimal effects of compressibility while avoiding an excessively small t ime step.

The computat ional domain is of size (L x , L y , L z ) = (10δ, 2δ, 3δ) where δ is the channel half-

width. The grid can be stretched in the wall-normal direct ion using a tanh-funct ion. The

simulat ions are init ialized either from a laminar profile with random, approximately solendoidal,

noiseadded to the velocity (with 10% amplitude), or by interpolat ing an exist ing fully developed

solut ion from a different grid. They are integrated for a t ime of 400δ/ Ub before collect ing

stat ist ics over a period of 400δ/ Ub. The convergence of the stat ist ics is verified by comput ing

averages using only parts of the complete record in t ime, and then est imat ing the associated

standard deviat ion of the averages. The convergence error is found to be sufficient ly small as to

not affect any conclusions in this study.

As discussed in sect ion 2.3, we monitor the convergence of the solut ion in order to decide

when to stop and declare the grid sufficient ly fine. The solut ion error εprev is defined as

εprev =
1

5
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a
U+

1 − U+
1,prev d(ln y+ )

b

a
U+

1,prev d(ln y+ )
+

R i j

1
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b

a
R+

i j − R+
i j ,prev d(ln y+ )

b

a
R+

kk,prev / 2d(ln y+ )
, (3)

where Ui = ⟨ui ⟩ and Ri j = u′
i u

′
j are the mean velocity and the Reynolds stress, respect ively.

The sum in the second term in Eqn. (3) is taken over the Reynolds stress components R11, R22,

R33, and R12. The integrat ion limits (a and b) are taken as y+ = 5 to y = δ/ 2, where the core

of the channel is excluded since it is the most affected by any convergence error of the averages

(and since it does not play any role in the grid-adaptat ion tests). Note that the error in all of

the Reynolds st resses is normalized by the (integral of the) kinet ic energy Rkk / 2.

3.1. LES with a dynamic Smagorinsky model

The main test case is to run LES with an explicit subgrid model. Specifically, the dynamic

Smagorinsky model is used, with filtering and averaging in the wall-parallel direct ions. The bulk

Reynolds number Reb = ρbUbδ/ µw (where ρb is the bulk density and µw is the viscosity at the

wall) is 30,000, which leads to a frict ion Reynolds number of about Reτ ≈ 830 (for a fine grid

on which the solut ion is converged).

To really test the proposed error indicator, the init ial grid is chosen to be both isot ropic

and exceedingly coarse. This approximates a realist ic engineering scenario where the user has

lit t le idea about how to generate the init ial grid. Specifically, the init ial grid (labeled LES-1)

has cells of size ∆ x = ∆ y = ∆ z = 0.25δ, which corresponds to ∆ x+ = ∆ y+ = ∆ z+ ≈ 210 at

the converged Reτ . The solut ion is shown in Fig. 3 with some details given in Table 1. The

solut ion is, of course, completely inaccurate on this exceedingly coarse grid. The threshold

A t hresh is chosen such that it leads to an increase in the cell count by approximately a factor of

4; adaptat ion based on this threshold then leads to a new grid (labeled LES-2) with ∆ x = 0.29δ,

∆ y = 0.007δ→ 0.14δ and ∆ z = 0.20δ. Note that we use the maximum values of A(n) in the x

and z direct ions, respect ively, in order to ensure a structured grid.
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Convergence metric:



Grid (Nx , Ny , Nz ) (∆ x, ∆ yc , ∆ z)/ δ (∆ x+ , y+
1 , ∆ z+ ) Reτ εpr ev (%) εr ef (%)

LES-1 (40, 8, 12) (0.25, 0.25, 0.25) (89, 45, 89) 356 - 110

LES-2 (35, 32, 15) (0.29, 0.14, 0.20) (170, 2.2, 120) 611 200 53

LES-3 (60, 50, 40) (0.17, 0.090, 0.075) (130, 1.7, 57) 758 17 22

LES-4 (96, 60, 96) (0.10, 0.075, 0.031) (85, 1.6, 26) 820 13 8.3

LES-5 (152, 72, 180) (0.066, 0.063, 0.017) (54, 1.3, 14) 822 5.8 3.1

LES-6 (220, 80, 270) (0.046, 0.052, 0.011) (38, 1.5, 9.2) 827 2.1 2.0

Table 1: LES of channel flow at Reτ ≈ 830 start ing from a very coarse isot ropic grid. Note that ∆ yc is the
value at the channel centerline while y+

1 = ∆ y+
w / 2 is the distance between the first grid point and the wall. T he

convergence is monitored by the difference compared to the previous grid (εpr ev ); for assessment we also measure

the difference compared to a converged DNS (εr ef ) on the same domain. Result s shown in Fig. 3.

The process cont inues in the same manner, generat ing the 6 grids listed in Table 1 for which

the key results are shown in Fig. 3. The threshold value A t hresh is chosen, at each stage, based

on the approximate increase in the number of grid points; this is taken as a factor of 4 on the

first few grids and then as factors of 3 and 2 on the final grids. These choices are necessarily

based on user judgment, but the exact choices do not qualitat ively change the grid-adaptat ion

process.

The solut ion clearly convergesas the grid is refined. More important ly, as the grid progresses

through the adaptat ion process, note how the direct ional error indicator becomes progressively

closer to equal in the different direct ions. The fact that it takes a few iterat ions is mainly due

to the fact that the resolved turbulence changes as the grid is refined, part icularly from the

exceedingly coarse init ial grid used here.

It is interest ing to note how the first adaptat ion step (from LES-1 to LES-2) essent ially only

targets ∆ y, especially near the wall. In fact , ∆ x even increases slight ly in this adaptat ion step.

After this step, the ∆ y is sufficient to allow for a more meaningful resolved turbulence, which

then requires refinement in all direct ions but primarily in ∆ z.

Looking at the plots in Fig. 3, based on typical “ LES judgment ” , one might argue that the

solut ion is sufficient ly accurate on grids LES-5 and LES-6. The solut ion error metric (based

on the previous grid) εprev is 6% and 2% on these grids, the lat ter of which is arguably small

enough for an LES. The grid-adaptat ion process is therefore terminated after LES-6.

Note that the terminat ion decision was made ent irely based on the results of the LES on the

sequence of grids. Table 1 also lists the error compared to a converged reference DNS εref ; this

is 2% on LES-6, which confirms that the final grid provides an accurate solut ion to the problem.

TheLES-5 and LES-6 gridshavegrid-spacings(∆ x+ , y+
1 ,∆ z+ ) of (54, 1.3, 14) and (38, 1.5, 9),

where we note that the distance from the first grid-point to the wall is y+
1 = ∆ y+

w / 2 for this code

(i.e., the wall is located halfway between grid points). These grid-spacings are commensurate

with the literature and experience on LES, albeit with arguably slight ly smaller spanwise grid-

spacing than is considered “ best pract ice” or “ opt imal” .

3.2. DNS

To assess the robustness of the grid-adaptat ion process, we next consider DNS of the same

channel flow. This problem has no explicit subgrid model, and thus all errors are numerical in

nature. The Reynolds number is reduced to Reb = 20, 000 in order to limit the computat ional

cost ; this leads to a frict ion Reynolds number of Reτ ≈ 570. We again start from a very coarse

grid with cubic cells, taken here as ∆ x = ∆ y= ∆ z= 0.33δ in order to have similar dimensions in

viscous units as in the LES case. The results are shown in Fig. 4 and listed in Table 2.

The process is terminated when the solut ion error metric εprev is less than 1%, since one

would require greater accuracy from a DNS than an LES. At the point of terminat ion, the

8

Grid-adaptation for a channel flow

12



Application to a backward-facing step using OpenFoam

13

Taken from Le et al (JFM 1997) 

Experiment by Jovic & Driver1

DNS by Le et al2:

• domain [-10h, 20h] x [0, 6h] x [0, 4h]
• about 9.4M grid points, deemed borderline in their paper

Current LES:

• OpenFOAM with dynamic k-equation subgrid model, central 2nd-order numerics
• domain [-20h, 25h] x [0, 6h] x [0, 4h]   –  50% larger than Le et al.
• initial grid (“LES-1”): cubic cells with size 0.2h (125K cells)

1 Jovic & Driver (NASA report 1994)
2 Le et al (JFM 1997)



Application to a backward-facing step using OpenFoam
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Figure 7: T he result s of t he grid-adaptat ion process after the first simulat ion (LES-1) of the backward-facing

step. T he gray-scale contours show the grid-spacings for the adapted grid (LES-2), as ∆ x i of 0.2 (white), 0.1

(light gray), 0.05 (dark gray), and 0.025 (black). T he blue solid line shows the edge of the boundary layer on

this grid (LES-1). T he separated shear layer reat taches around x/ h ≈ 7 on this init ial gr id.

Grid N t ot Nst r uc (∆ x+ , y+
1 , ∆ z+ ) (∆ x, ∆ y, ∆ z)/ δshear εpr ev (%) εr ef (%)

LES-1 125k 125k (28, 14, 28) (0.5, 0.5, 0.5) - 29

LES-2 273k 517k (40, 2.5, 20) (0.4, 0.1, 0.2) 23 12

LES-3 694k 2.3M (46, 2.9, 12) (0.14, 0.036, 0.071) 8.0 5.2

LES-4 1.7M 11.2M (24, 1.5, 6.0) (0.071, 0.018, 0.036) 3.2 4.9

LES-5 3.2M 16.2M (24, 1.5, 6.1) (0.036, 0.018, 0.036) 3.1 3.3

DNS 9.1M 70M (12, 0.76, 6.1) (0.036, 0.0089, 0.036) - -

Table 4: LES of the flow over a backward-facing step. N t ot is the actual number of cells while N st r uct is the

number of cells required for a st ructured grid with ident ical smallest grid spacing along every grid line. T he

grid-spacing in inner unit s is t aken from x/ h = − 3 (upst ream of the step). T he grid-spacing in outer unit s is

taken from the middle of the shear layer and is scaled by the approximate thickness of that shear layer δshear .

T he convergence is monitored by the difference compared to the previous grid (εpr ev ); for assessment we also

measure the difference compared to a converged DNS (εr ef ) on the same domain.

The convergence is monitored by the solut ion error metric

εprev =
1

3
U i

1

2
Ω

|Ui − Ui ,prev | dxdy

0.2U∞ AΩ

+
1

3
R i j

1

4
Ω

|Ri j − Ri j ,prev | dxdy

0.015U2
∞ AΩ

+
1

6
Ψ

|cf − cf ,prev | dx

0.002LΨ

+
1

6
Ψ

|cp − cp,prev | dx

0.1LΨ

,

(4)

where the first sum is taken over the mean velocity components U and V and the second sum

over the Reynolds st ress components R11, R22, R33, and R12. The first two integrals are taken

over the region Ω : (x, y) ∈ [− 5h, 20h] × [− h, h], with AΩ = 5h× 1h + 20h× 2h denot ing the area

of this region. The remaining two integrals are taken over the horizontal walls in the region

Ψ : x ∈ [− 5h, 20h] with LΨ = 25h denot ing the normalizing length. The quant it ies are scaled

by representat ive values, and weighted together as 1/ 3 each of the mean velocit ies, the Reynolds

13

at x/h = -3 (upstream of step) middle of detached shear layer

LES-1

LES-2

LES-3

LES-4

LES-5

DNS (present)

Exp. (Jovic & Driver)

Mean velocity Reynolds stressesWall shear stress



Application to a backward-facing step using OpenFoam
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Third adaptation (fourth grid), 5% error compared to DNS

1.7M cells, generated “automatically” from the isotropic initial grid

Showing only subset of domain:

-5 < x/h < 10 , -1 < y/h < 2
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Attempt #4:

estimated LES modeling residual



Estimating the LES modeling residual from the governing equation1

17
1 Toosi & Larsson (CaF 2020, JCP 2021)

Equation:

Residual:

LES residual:

How to implement in a code with explicit time-stepping:

1. Call ℱ with LES solution, low-pass-filter the result

2. Low-pass-filter the LES solution, call ℱ with

    coarsened subgrid-model length scale



A posteriori assessment of the estimated LES modeling residual1
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1 Toosi & Larsson (JCP 2021)

PDFs of the LES modeling residuals 

in channel flow

LES residual 

computed from DNS

LES residual 

estimated from LES Ratio DNS/LES



Application to a channel flow1
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Grid 1 Grid 5Grid 3 Grid 7

Mean velocity Reynolds stresses

1 Toosi & Larsson (CaF 2020, JCP 2021)

DNS

Grid 1

Grid 2



Application to a backward-facing step using OpenFoam
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DNS



Comparison of the final grids
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The grid-adaptation picks up subtle near-wall behavior1
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Channel at 𝑅𝑒𝜏 ≈ 550
DGSEM code Flexi2 with 5th order polynomials

Algorithm-suggested element sizes for a sequence of 5 grids

Spectral density of near-wall vorticity3

Shift towards larger             

structures very close to the wall

Algorithm suggests larger elements in the wall-

parallel directions very close to the wall
1 Blind et al (CaF 2023)
2 https://www.flexi-project.org
3 Jimenez (Annu Rev 2012)

https://www.flexi-project.org/
https://www.flexi-project.org/
https://www.flexi-project.org/
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Some applications



Separated flow over a smooth ramp
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Flow used in the High-Fidelity CFD Verification workshop 2022 and 2024

Initial grid with 40M cells created based on user expertise

Simulation run with WMLES 

Mean velocity in x-direction

M = 0.2, 𝑅𝑒𝐿 = 667000, 𝑅𝑒𝜃 ≈ 2000

Ali Uzun DNS (blinded results until the January 2024 workshop):

𝐿𝑧 = 12𝛿in = 9𝛿ref = 0.288𝐿



streamwise

wall-normal

spanwise

Separated flow over a smooth ramp1
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Estimated residuals caused by insufficient resolution in each direction2

1 Oberoi et al (IJCFD 2024)
2 Toosi & Larsson (CaF 2020, JCP 2021)



streamwise

wall-normal

spanwise

Separated flow over a smooth ramp1
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Estimated optimal grid-spacings along the old grid lines

1 Oberoi et al (IJCFD 2024)



Separated flow over a smooth ramp1
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gridA

1380 × 223 × 130

gridB

1907 × 226 × 202

gridC

2627 × 332 × 242

1 Oberoi et al (IJCFD 2024)



WMLES of airfoil with unstructured grid in x-y and mortars in z1

NACA 64A-110 airfoil at Mach 0.72 and Rec=930,000

DGSEM code Flexi2 with 5th order polynomials

2D unstructured quad mesh generated in ANSA following the suggested spacings as closely as possible

Wall-model exchange location held fixed at ℎwm = 0.00134𝑐

28

1 Blind et al (CaF 2023)
2 https://www.flexi-project.org

Sequence of meshes

The color shows the 

spanwise grid-spacing

https://www.flexi-project.org/
https://www.flexi-project.org/
https://www.flexi-project.org/


WMLES of airfoil with unstructured grid in x-y and mortars in z1
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SS = suction side

PS = pressure side

Pressure coefficient Friction coefficient

1 Blind et al (CaF 2023)



WMLES of an airfoil with a block-structured grid
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streamwise wall-normal spanwise
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Minimize the domain-integrated residuals:
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Future/ongoing directions



Generation of metric-conforming structured grids
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Definition1-4: a metric-conforming grid has for every edge in every element

The Riemannian metric M encodes the desired size and orientation:

1 George et al (Adv Eng Software 1991)
2 Castro-Diaz et al (Int J Num Meth Flu 1997)
3 Frey & Alauzet (Comp Meth Appl Mech Eng 2005)
4 Fidkowski & Darmofal (AIAA J 2011)

balance error(s) 

and cost

residual estimate new grid
create grid

The metric links the residual and the new grid: 

Adapted structured grids????



Generation of metric-conforming structured grids1
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Physical space

Misfit in grid-spacing:

Computational space

Grid-spacing in 𝛼 direction:

Criterion on desired grid-spacing:

Structured grid coordinate mapping:

1 Oberoi, Hasan & Larsson (Int J CFD 2024)



Generation of metric-conforming structured grids1
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Minimize the misfit in grid-spacing – produces a cost functional

Calculus of variations – the solution is the Euler-Lagrange equation

Can be solved for given metric field, producing a coordinate mapping 𝑥𝑖(𝑠𝑗) and 𝜎𝛼 

1 Oberoi, Hasan & Larsson (Int J CFD 2024)



Generation of metric-conforming structured grids
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Finding the modeling interface in wall-modeled LES

36

Subgrid modeling Wall-modeling

large, inviscid 

eddies

small, viscous 

eddies

large, inviscid eddies

small, viscous eddies

buffer layer

log-layer

Cantwell et al (JFM 1978)



Finding the modeling interface in wall-modeled LES1
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𝛿in/𝑐 ≈ 0.06

𝛿hump,1/𝑐 ≈ 0.06
𝛿hump,2/𝑐 ≈ 0.007

Wall-model interface location ℎwm
initial ℎwm well outside 

the boundary layer

1 Kahraman & Larsson (AIAA J 2022)
2 Uzun & Malik (AIAA J 2018)

sequence of adapted ℎwm profiles, for 

increasing desired computational cost

𝑦+ = 5

A priori test for the NASA wall-mounted hump2



Finding the modeling interface in wall-modeled LES
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NASA High-Speed Common Research Model

Mean flow field provided by Aditya Ghate (NASA Ames) 



Concluding thoughts

• Happy with our ability to identify where/how to modify the mesh (=estimate directional residuals) – entirely 

a post-processing operation, has been implemented in multiple different CFD codes

• Required future work:

• How to actually create the adapted meshes, ensuring smoothness, accuracy, geometrical flexibility, 

etc?

• How to combine grid- and hwm-adaptation for WMLES?

• Need to create a more automated workflow to make this useful in practical engineering

• Need to try this for more complex flows, including with shocks, multi-phase, etc

• Long-term vision: CFD should be like Matlab’s ode45 function

• Common question: “How expensive is it to run on a long sequence of grids?” Actually, it’s less than you’d 
think: if the cost increases by a factor of 4 in each step, the total cost is 1 + ( Τ1 4) + Τ1 4 2 + Τ1 4 3 +
⋯ = Τ4 3 times the cost of the finest grid alone

39
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