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Transition in hypersonic boundary layer

1) Shock & gas dissociation

* At high Mach numbers, the gas dissociates downstream of the

shock with chemical reaction rates commensurate with the

flow

e 2) Amplification of instability waves
* Instability waves interact with the boundary layer on the flight

30 Vi vehicle and can amplify exponentially

20 o:axm-3

> 0.0x1073

10 | -0.8x1073

N | " e 3) Transition to turbulence

1800 1900 2000 2100 2200 2300 2400 2500 2600

VRey ® Once finite amplitude perturbations form, nonlinear

interaction spur the generation of harmonics and ultimately

break down to turbulence



Transition in hypersonic boundary layer
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Fast flow estimation in hypersonic boundary layer

— e Fast estimation of instability waves
Ma=45 ® Predict the fate of instability waves from upstream measurements
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Fast flow estimation in hypersonic boundary layer

e Up/down stream flow mapping ¢ Fast estimation of instability waves

* Upsteam measurement * Predict the fate of instability waves from upstream measurements
IR0 gy S R S B
Pw (330, t) \ Stability diagram from LST '
Ma =45
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Method

e Universal approximation theorem of Operators

* Input function / signal: p,,; Coordinates of interest: x,y,t
* Output function: G(p,)(x,y,t) = X _; iy cfo (X, E6pw(x0. ;) + 67)o (Wi - [x, ¥, 8] + 33

« Branched networks can approximate

e Deep Operator Neural Networks (DeepONet) any operator on bounded domains
« Functional input does not have to be
input function / signal _ regular
g (xo. 1) Branch Network: . Branched architecture prevents
Pw(Xp, 1 m .
ngpw(xo,tj) +9;c> lopsidedness
& 0 j=1

o 40 60 80 100 120 140 pW (xo’ tm) p
G(py)(x,y,t) = Z b, t;
k=1

True u(x.y), F = 120.0

coordinates of interest (x,y,t)

Universal function approximation theorem (Cybenko, 1989) Trunk Network:
Universal operator approximation theorem (Chen & Chen, 1993) &t; = olwy - [x,y,t] + )
Deep Operator Networks (Lu et al, 2020) 915 > - 5o ~9.55



Datset

Data generation
®* DNS of Ma=4.5 hypersonic boundary layer

Training data
®* 51 instability waves with frequencies in the range
F=[100, 125]
®* Data were augmented by varying the phase of the
inputs and associated outputs

Testing/validation data

* 8 independent instabilities were reserved for validation

Architecture

®* 6 layers with 100 units in each branch
® Activation function: ELU
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Results

Field comparison: DeepONets prediction vs. DNS
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Results

Field comparison: DeepONets prediction vs. DNS
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Method

e Physics Informed DeepONet

1
L=+ E [(pi — PD? + (w; — u)? + (v; — v))?
* Helps regularize the network $

i€qy

Branch Network

Input function / signal
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True u(x.y), F = 120.0
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Method

. Full field
e Physics Informed DeepONet | _ Ni z[(pi — oD + (g — )% + (0 — )7 +NL sz
* Helps regularize the network S i€q, € {cn, pptp=0p
Input function / signal Branch Network f =0, +0,(pi) + 0,(pD) :;B -_Il: : i ;
B =
pw(xO' tl)
True u(x.y), F = 120.0 0.1228
Disturbance o
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Results

Testl True u(zo, y,t), F =102.25, E = 0.076 G
) .. &l streamwise velocity 0.01285
* The equations can be adopted in lieu of data. il
. . - - . . 0.003
* In this case no data on u was given during training. DNS result = | 000014
~0.0063
—0.00988
. —0.01313
e Loss function B
1 1 t
L = N_ z [(pi _ p;f)Z + (vi _ v;_k)z] + N_ Z |fi|2 Predicted u(zo, y,t) AT
. 4 0.01285
o i€eQg ¢ i€eQ, 30 0.00961
0.00636
- . DeepONets . 0.00311
* The network can infer the missing field - ‘ g
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Results

Test2
* PI-DeepONets can also take other forms of data
DNS result
* Here we supply data over all the spatiotemporal
domain but of the vertical gradient of the density
dp;  p;
= z ( = ”) = ) o+ (o= 0|+ - D IfP
leﬂ.
DeepONets
prediction
* This mimics the type of data that is obtained in
Schlieren measurements
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Transition in hypersonic boundary layer

e 1)Shock & gas dissociation

Ma=10 * At high Mach numbers, the gas dissociates downstream of the

shock with chemical reaction rates commensurate with the

flow

2) Amplification of instability waves
* Instability waves interact with the boundary layer on the flight
vehicle and can amplify exponentially

3) Transition to turbulence
®* Once finite amplitude perturbations form, nonlinear
interaction spur the generation of harmonics and ultimately
break down to turbulence
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Transition in hypersonic boundary layer

e Compressible Navier Stokes equations with

Ma=10 chemically reacting gas

¥, o, _
S 5 T V-(pu) =0,
L7 (put ) =W, s=1,..,NS,
L4+ 7 - (pu®u) = —Vp +— 7 [AV - wI + u(Vu + vul)],

E+\7-[(E+p)u]——l7-( RwakVﬂzshvs)
1
p=xp=7zPT,
where p = ).sp°, p = 2sp°, =E—+ “pu-u

k, u, J*(mass diffusion flux) solved from material property equations,

MS*.QS*(T*,p*,p*,)(S)

reaction rate w® = Is computed from Arrhenius law,

P;oaéo/L’;«ef

|
|
e I r* Vlsl?,n T* Vf’,n
NS P * NS (P_
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Results

Ma=10 boundary layer simulation

Time averaged
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Ma=10 boundary layer simulation
Time averaged
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Results

v(x=20,y=0)

* Prediction of testing data

Input: velocity
perturbation at center

of wall forcing
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Results

v(x=20,y=0)

* Prediction of testing data

Input: velocity
perturbation at center

of wall forcing
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Transition in hypersonic boundary layer

Ma=4.5

nnnl"'l'ﬂmm (lwm

0
1800 1900 2000 2100 2200 2300 2400 2500 2600

vV Rey

Viue
1.6x107%
0.8x1073
0.0x1073
-0.8x1073
-1.6x1073

e 1)Shock & gas dissociation
* At high Mach numbers, the gas dissociates downstream of the
shock with chemical reaction rates commensurate with the
flow
e 2) Amplification of instability waves
* Instability waves interact with the boundary layer on the flight
vehicle and can amplify exponentially
e 3) Transition to turbulence

® Once finite amplitude perturbations form, nonlinear
interaction spur the generation of harmonics and ultimately

break down to turbulence
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Transition prediction in high-speed boundary layer

e Fast estimation of transition

Fastly estimate downstream mean skin friction

from upstream velocity disturbance

e Problem formulation

Solving forward problem

ar — Cy (\/R7x> (q)

e Challenges

Full DNS is expensive

Inflow to skin friction
mapping is governed
by NS operator
difficult to find an
explicit expression

v I |

0.6 0.72 0.84 0.96

PHEN [ [ NN

-0.002 -0.0012 -0.0004 0.0004 0.0012 0.002

upstream flow disturbance

qL = [vauvaLawL7TL]
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e

50
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msssmessmm)  Downstream skin friction

estimate C; (\/R—ex) ()

0.0020
0.0015+
5 0.00104

0.00054
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Simulation setup

DNS of flat plate boundary layer e Inflow instability waves
®* Compressible N-S equation ° totalenergy F,=2x10"°
% 4+ V- (pu) =0 * 2Dmode (£,3=0),E2p =0.57 x Ey

e 3Dmode (F/2,8=0),F2p =043 x Ey
9% 4 V- (puu+pl —7) =0

9L LV -uE+p+0—u-1)=0

®* Solver: mixed 6th order central difference & 5th order WENO scheme
®* Boundary conditions

Freestream condition Pro, = 0.72,1T,, = 65.15K

Blasius base flow Qp = [pB,uB,vs,ws, TB] Sponge layer
+

Instability waves  qr = [pr,ur, v, wr, TL]

q(x07y7 Z7t) — QB + qL

Atepunoq moanQ

Re, = 1800 Isothermal flat plate Re,, = 3500
\/ e T=T1, \/ e

22



Deep Operator Neural Networks

50

DeepONets e Loss function
e inflow qr(y,t) skin friction C;(z)(qz) ®* Mean squared error
®* Universal approximation theorem for operators 1
. . L= Z(G<qL¢7W> - Cfi)2
e Any continuous operator G(x)(¢r) can be approximated N~

by Cr()(qr) = (Z cio(&qn,; + 95-“)) o (wpx + (k)
k 1 ( J

| J !
| Branch 0%
- Tk
Branch input Trunk
QL — [pln ur,vr,wr, TL}
—4x107% —2x10-% Ox109  2x105  4x10° Branch Network
<4

404

30+

204

10+

01

50 100 150 200

T T T T
coordinate
X

v Re,

T
2000 2200 2400 2600 2800
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Transition prediction

Ry

Training & validation dataset
# training data: 121
Black dots: location of training data
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Validation case

Ma =4.1
F =109

AMa =0.1,AF =7
Red triangle: location of validation data
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» . . . . . . . o . q
O S
3 [ [ [ o [ [ [ ¢ [ [
y [ ] : [ ] [ ] [ ] . [ ] [ ] [ ] 4

) 4?2 ) 4?4 ) 4?5 ) 4fé ) 5.0

Ma
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140

100
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e ey

Color contour: DeepONets prediction
Lines contour: DNS
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Transition prediction

Ry

Training & validation dataset

# training data: 66

Black dots: location of training data

AMa = 0.1,AF = 14

Red triangle: location of validation data
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Ma = 4.1 i Cftub
F=109 w0 T

wid CFlam
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e ey

Color contour: DeepONets prediction
Lines contour: DNS
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Transition prediction

Ry

Training & validation dataset e Transition Reynolds number
®* #training data: 48
* Black dots: location of training data

AMa = 02,AF =10 Retr — argmjn@x ‘ Cf — Cf,tr |
* Red triangle: location of validation data

Crr = 5(Ciam + Cfrurp)

104 \ . . . 2400 2600 2800 3000 3200 3400
b [} [} [} L] q - Retr
1209 . . . ¢ q
] & . . o * p 140
1005 . e . é q
b o . é . q
801 R . R . 120
4.0 4.2 44 4.6 4.8 5.0
Ma LL‘
. e 100
DeepONets prediction
®* Validation case | “_ 80
Ma = 4.1 4.0 4.2 4.4 4.6 4.8 5.0
& MCL
F =109

Color contour: DeepONets prediction
Lines contour: DNS
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Transition prediction

Ry

Training & validation dataset
®* #training data: 48

* Black dots: location of training data
AMa =02, AF =10

* Red triangle: location of validation data

140

120

100

R0

e & & o o o

Transition Reynolds number

Ctir = 5(Ctiam + Cf turd)

Rey, = argmin 7z [ Cr — Crpr |

2400 2600 2800 3000 3200 3400
4am

e ey

140

120

How can we improve?

* Wisely choose the locations of training data
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Bayesian Deep Operator Neural Networks

e Bayesian DeepONets e Loss function
e inflow qr(y,t) skin friction C;(z)(qz) * KL divergence between posterior P(w|D)
®* Universal approximation theorem for operators and assumption 7(w|0)
e Any continuous operator G(w)(qL) can be approximated L= mein\KL(r(meP(W)}) =~ Erwio)llog P(D|w)]
by ¢ cFo(Elqr ;i +0F) | o (wpz !
et = (P ottt s
Branch bx *  Regularizes
Branch input Trunk 7 logP(Dlw) — i 1 log o? + (GlqL,,w) = Cy,)?
qr = |pr,ur,vr,wr, Ty ] i1 \ o’ |
—4x10-0 —2x10-7 O0x107° 21070 4x10° Branch Network J
. - 1 M_S c

404

30
204

10+

Cf( )(@)=T-b S[].UUIU-

X — Output

01
0 50 100 150 200

coordinate
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Method: Active learning

e Training point selection strategy, Pseudo code

Initial training points at n locations
Make predictions Cf (¢, x)~N(u, a?)
Compute averaged uncertainty o (normalized)
While 62 > 63 do
e Generate new training points following a distribution
y(c) x o(c)
e Retrain for prediction Cf;(c,x)~N(u, 0?)
End while

Return a solution: accurate prediction of transition in domain of
interest

2400 2600 2800 3000 3200 3400
ams o e

140

100

0x10%  2x107%  3x10%  5x107%  6x10°*  8x107%  9x10°® —

o

140
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Transition prediction

Results at iteration 0 Cumulative # training data: 10
* Black dots: location of training data
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Transition prediction

Results at iteration 1 Cumulative # training data: 12
* Black dots: location of training data
2400 2600 2800 3000 3200 3400 Retr 01078 2«07 3x107%  5x107® 6x1077 8107 ox10°?
140 140

120 120
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100 100
80- I I - I : 1 80
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®* Validation cases
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Transition prediction

Results at iteration 2 Cumulative # training data: 15

* Black dots: location of training data
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Transition prediction

Results at iteration 2 Cumulative # training data: 15

* Black dots: location of training data
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Transition prediction

Results at iteration 9 Cumulative # training data: 35

* Black dots: location of training data
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Inverse problem

Estimation of oncoming instability waves

Discover unknown upstream velocity disturbance
from downstream measurements of wall-pressure

Problem formulation

® Oncoming instability waves
e control vector ¢
®* Downstream pressure data
* measurement m
® Inverse problem
e Solvem — ¢
Challenges
* Discrete sensors located at far downstream
.

No explicit approach to solve the problem
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Estimation of oncoming instability waves

Problem formulation
®* Inverse problem: solvem — ¢
®* Formulate it as an optimization problem

£7 ST
e model observation: M(c) (GRS
. . 1 2
e objective function: J(c) = E lm — M (c)||?
e Objective: estimate ¢ that minimizes [

Methods to minimize

®* Ensemble variational method (Butcha & Zaki, JFM 2021,2022)
e Gradient based methodc;,; = ¢; — alJ
e Pros: does no require adjoint model; non-intrusive to forward solver; can be used with long time horizon
e Cons: requires large number of DNS ; do not generate a surrogate model at end

®* Adjoint variational method (Wang et al, JCP 2019)
e minimize J with Navier-Stokes constraint g"*1 = G"q"
e Pros: high efficiency, high accuracy
e Cons: require adjoint model; requires significant storage; forward-adjoint duality not guaranteed for long

horizon; do not generate a surrogate model at end
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Method

Branch Network

Formulated optimization problem s b,
* loss function: J(c) =%|Im—.7\/t(c)||2 Input s 5
2
®* Proposed idea: have a fast estimator of M'(¢) ¢
f b, Output
Deep Operator Neural networks (DeepONets) — M(c)(7)
* Input function: c S t
®* OQutput coordinate: T coordinate
n k m k - k f 5)
® Branchnetoutput: by =X, ¢;j O'(ijl §ijc(j) + 0]-) T
® Trunk net output: ¢, = o(wy, T+ q}) S ty
Trunk Network

®* OQOutput function: M(o)(1) = Z£=1 bt

Universal approximation theorem
* DeepONet prediction M (c)(t) approximates the truth M (c)(t)

— — 2
* DeepONet modeled loss function J(c) = % ||m — JV[(C)” approximates true loss function J(c) = % |lm —

M(c)||?
* J(c) can be cheaply computed from ¢
* We can switch to estimate ¢ that minimizes J(c), which is much easier

37



Test problem

Problem definition

®* Ma = 4.5 high speed boundary layer 100

* Inflow.,/ Re, = 1800 8

* Inflow disturbance, total energy E; = 2 X 10™° 2
e 2D mode (F,0), E;p = 0.57 X E, K b i
* 3Dmode (F/2,B), Esp = 0.43 X E, 2: AAREERVRTER AR I ”" "“ln”JQ{"“W M
e Phase difference AP between 2D & 3D mode 1800 2400 2600

VRey
* Control vector: ¢ = (F,A®)

®* Measurements

Skin friction of F = 112 cases

9 wall pressure probe data at,/Re, = 2300 T — o
0.00150+ o A¢=n”8
. —— Ap=m/4
e, ® ° . e 0 0031 - A¢=3ﬂ'/8
Transition point is sensitive to both F, A® Gooosn _ pgm 2
® Critical Reynolds number ooy
a l'g m l n 000009800 2000 2200 2400 2600 2800 3000 3200 3400

* Re. = \/— cf(J/Re,) VRex



Result

e Training dataset * Inflow estimation by DeepONet
°* AF=1,A¢p =m/24 * DeepONet estimated control vector
®* Total#of cases: 21 X 13 =273 _ argmin~
- e="E G0
- R cEA
0.4 - N R = T T R R R BT R T I B R * Truth c, =(112,0.38m)
039,60 e,0 0,6 6,0 0,0 6,06 6,0 0,0 o,0 0,0 {
:‘é‘_ IA. .A. .‘. .‘. .‘. .‘. .A. .A. .A. .A. q
RRER © C 0 0 o0 0000000006000 O
0.1 N R R B S R B S R R S S R B SR R S
1000 1025 1050 1075 1100 1125 1150 1175 1200 Loss function landscape B
F Contour: DeepONets modeled loss function J(c)
e DeepONet predicted wall pressure Lines:  True loss function J(c)
DeepONet estimation ¢ Truth ¢,
J
050 —— DNS | —= DeepONet 27.0
1 22.5
e 18.0
1 13.5
0 9.0
M 4.5
20071 : 0.0
U U U U L ' 104 106 108 110 112 114
2.50- F

f * DeepONet estimation ¢ = (112,0.387)
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Result

e Training dataset

e AF=2,A¢ = /12
® Total#ofcases: 11 X7 =77

0.5 - - - - - - - -

0.4 . . . . . . . . q
=0 3_| . . . . . . . . q
%‘_ T oA oC oG oC oG o8 . . & q
<] 0.2-

3 . . . . . . . . q

0.15 . . ° . ° ° . . q

0.0 - - T - | - T T - -

100.0 102.5 105.0 107.5 110.0 112.5
F

e DeepONet predicted wall pressure

1] I 1 |
ES w ~N - o =
1 1 ; T 1

0 50

100 150 200 250 300 350
t

120.0

* Inflow estimation by DeepONet

* DeepONet estimated control vector

argmin-
ceA J(e)

¢, = (112,0.38m)

Cc =

Loss function landscape
Contour: DeepONets modeled loss function J(c)
Lines: True loss function J(o)

DeepONet estimation ¢ Truth ¢,

27.0
22,5
18.0
13:5
9.0
4.5
0.0

104 106

= (109.6,0.5m)

™

* DeepONet estimation
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Result from smaller training set

e Training dataset * Inflow estimation by DeepONet
* AF=2,A¢p=m/12 * DeepONet estimated control vector
® Total#ofcases: 11 X7 =77 _aremin~

s (0D
0.5 = = = = = = = = = ceA
0.4- ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ¢ ) * Truth C; = (112,0.38m)

50'3_'A .A .A .A .A .A A A A A

-e_ [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] q

< 0'2-| . . ° . ° ° . . . [

0.15 . . . . . . . . . q
000 1025 1050 1095 11b0 1125 1150 1195 1200 Loss function landscape
F

Contour: DeepONets modeled loss function J(o

linAnc. Tvira lace FrincAtian a( ~\

How can we improve?

* Wisely choose the locations of training data
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Method

e Training point selection strategy:

Bayesian Optimization

Observe J at ny points according to an initial
space-filling experimental design
Setn = n,
Whilen < N do
* Fita response surface logg~N(u, 0%) of J
e Compute expected improvement

EIn(C) = Elna?lva'(u,n'z\ [max(‘j;kl - ;7’ O)]

Fitted posterior distribution

Circle: observation of [

Solid line: posterior mean; Dash line: 95%credible interval
Minimal observation at itration n: J;,

—_—m =

» T N T

27 \\ ’f’ ‘.""-._-_____a”
\\.‘ '/’
0 - Improvement
2 3 4 5 6 7 8
C
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Method

e Training point selection strategy: z'_tt‘?d p‘I’:te”°r.°"5t“ft:;t'°“
ircle: observation o
Bayesian Optimization Solid line: posterior mean; Dash line: 95%credible interval
* Observe J at n, points according to an initial Minimal observation at itration n: J;,

space-filling experimental design

—_—m =

® Setn =ny
®* Whilen < Ndo

¢ Fit a response surface logﬁva(u, 02) of J 2 ‘\\ //" T “"‘*-,______,«”
e Compute expected improvement . \“‘I-” Improvement | | |
_ > 3 4 5 6 7 8 9
EL,(c) = E o7~ n(n0?) [max(‘j;*1 - J, O)] c

e Letc, be a maximizer of EI,,(c) Acquisition Function EI,,(c)

e Observe J,, = f(c,) 0.5

¢ Incrementn 0.4
* End while __0.37
* Return asolution: the point with the smallest 02

posterior mean Z';' /\

w-
Fa
5, =
=)}
~l
0-
o

2
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Method

e Statistical model

® @Gaussian process regression

e Prediction assumed logg~N(p, 62)
e Correlation between J(c@),J(c?):

exp[-d(¢@ - )]

e Fit parameters from current training data

Initial training data:
10 random points from uniform distribution

0.5

0.4+
= 0.3+
~
<
<1 0.24

0.17

0.0

100.0

1025 105.0 1075 110.0 1125 1150 1175
F

120.0

DeepONets + Deep ensemble uncertainty

* Quantify uncertainty from N independent DeepONets

DeepONets 1

DeepONets 2

DeepONets N

K0t F112.50_kz0.39n0_pj,
T — Truth
— Data loss -0.75+ ~=- Prediction
—— Data valid
e 1.00
-1.25
107
S -150-
-1.75+
-2.00-
2254
' ' A : ' : A :
0000 zo000  oo0 40000 o000 6o0oo 6 so 100 15 200 250 300 350
Epoch: t
gt F112.50_kz0.39n0_pj,
025+ — Tuth
— Dataloss ~=- Prediction
H

Pw
o

K

b

10000 20000 0000 40000 so600 6000 6 S0 100 150 200 250 300 350
t

g F112.50_kz0.39n0_p;,

_064d — Truth
— Data loss : ~~- Prediction

¢
1.4+
1.6+
1.8+
2.0+
10000 20000 30000 40000 50000 60000 [} 50 100 150 200 2% 300 30
Epochs t

44



Result

Fitted posterior distribution at iteration 0
®* Color contour: posterior mean, standard deviation
®* Line contour: expected improvement

Posterior mean
0.00 0.45 090 1.35 1.80 2.25 2.70

am >

100 105 110 11I5 120
F
Expected Improvement at iteration 0

* Ely(c) = EY~N(N,az)[max((73 —Y,0)]
* El,(c) maximized at ¢, = (118.0,0.297)

Posterior standard deviation

0.000 0.075 0.150 0.225 0.300 0.375 0.450

0.4 =

= 0.3=
—

Truth
c; =(112,0.25n)

A=
<] 0.2

120
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Result

Fitted posterior distribution at iteration 1

Color contour: posterior mean, standard deviation

Line contour: expected improvement

Posterior mean
0.00 0.45 090 1.35 1.80 2.25 2.70

am >

. ]
100 105 110 115 120
F

Expected Improvement at iteration 1

El,(c) = EY~N(N,az)[max(J; —Y,0)]
El; (c¢) maximized at ¢; = (112.0,0.38m)

Posterior standard deviation

0.000 0.075 0.150 0.225 0.300 0.375 0.450

= 0.3=
—

Truth
c; =(112,0.25n)

a2
<1 0.2=
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Result

Fitted posterior distribution at iteration 2

Color contour: posterior mean, standard deviation
Line contour: expected improvement

Posterior mean
0.00 0.45 090 1.35 1.80 2.25 2.70

am >

. ; .
100 105 110 115 120
F

Expected Improvement at iteration 2
* El,(c) = EY~N(N,az)[max(J§ —Y,0)]

EI, (c) maximized at ¢, = (112.0,0.33m)

Posterior standard deviation
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Result

Fitted posterior distribution at iteration 3

Color contour: posterior mean, standard deviation

Line contour: expected improvement

Posterior mean
0.00 0.45 090 1.35 1.80 2.25 2.70

am >

. ]
100 105 110 115
F

Expected Improvement at iteration 3

El;(c) = EY~N(N,az)[max(J§ —Y,0)]
El;(c) maximized at ¢c; = (112.0,0.29m)

Posterior standard deviation

0.000 0.075 0.150 0.225 0.300 0.375 0.450

= 0.3=
—

Truth
c; =(112,0.25n)
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0.1=

UU'| 1
100 105 110 115 120
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Result

Fitted posterior distribution at iteration 4

®* Color contour: posterior mean, standard deviation

®* Line contour: expected improvement

Posterior mean
0.00 0.45 090 1.35 1.80 2.25 2.70

IR

100 105 110 115
F

Expected Improvement at iteration 4
* El(c) = EY~N(N,az)[max(JZ —Y,0)]

* El,(c) maximized at ¢, = (112.0,0.257m)

Posterior standard deviation
0.000 0.075 0.150 0.225 0.300 0.375 0.450

0.4 =

= 0.3=
—

Truth
c; =(112,0.25n)

a2
<1 0.2=

100 105 110 115 120
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Result

Fitted posterior distribution at iteration 5
®* Color contour: posterior mean, standard deviation
®* Line contour: expected improvement

Posterior mean Posterior standard deviation
0.00 045 0.90 1.35 1.80 2.25 2.70 0.000 0.075 0.150 0.225 0.300 0.375 0.450
am | | I

Truth
c; =(112,0.25n)

100 105 110 115 120 100 105 110 115 120

Observation

®* Minimum error: € =,/ Jz < 5%, successfully converged!
* Estimation ¢ = ¢, = (112,0.25m) is accurate



Result

Convergence history

Added training data Objective function
0.5 e
0.4-
E 0.3- 1 * e 0.6
ey
< 0.2-
Truth 0.4
0.1-
0.0 T T T T T T T ]
100.0 102.5 105.0 107.5 110.0 1125 115.0 1175 120.0
'F Mb ! ? iteral3ti0n . :

* Predicted wall pressure on true control vector ¢, = (F,A¢) = (112.0,0.25)

Iteration 1 Iteration 3 Iteration 5
%10-5 F112.00_kz0.25n0_p),(z=11.11) %10-5 F112.00_kz0.25n0_p, (z=11.11) %1075 F112.00_kz0.25n0_p, (z=11.11)
— Truth
64 6 6 === Prediction
4 4 4
= 2- a2 = 24
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o o o
07 07 97
N N )
5 -2- g -2 o -2
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Result

e Other test cases
* F,A¢inrange [100 — 120] X [0 — 0.57]
®* White dots: initial training points

®* Red cross: testing cases Objective function Convergence speed

0 6 12 18 24 3 36

A N

Dd_(xxxxxxxxxxxxxxxxxxx)
X X X X X X X X X X X X X X X X X X X}
T

- £ o2 X X X X X X X X X X X X X X X X X X}

FoX X 2 % X X X X X X X X X X X X X X X

0'1-(XXXXXXXXXXXXXXXXXXX)
100 105 110 115 120
F iteration

®* Comparison with Gaussian process regression(GPR):
e DeepONet converges in 22 steps
e GPR converges in 81 steps
e DeepONet shows~ 3.7 times acceleration from Kriging
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Conclusions

Forward and inverse problem in high-speed boundary layer
* DeepONet prediction of evolution of instability waves of Ma=4.5 & Ma=10 boundary layer

* Transition prediction using DeepONet, accelerated by active learning
* Solving inverse problem using DeepONet & Bayesian optimization

Forward problem

Inverse problem

100
80

60

>
40

. A W?“’M'W

1800

0.0020
0.0015+
5 0.0010

Upstream flow disturbance m——)  Skin friction prediction

0.0000- T T T T T T T T
1800 2000 2200 2400 2600 2800 3000 3200 3400
V Re,.

Unknown upstream discover Downstream wall-pressure

velocity disturbance < data from sensor array

Control vector ¢ measurements m
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