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Motivation

@ High-order methods
e potentially very efficient for many problems involving the numerical solution of
turbulent fluid flows

o Generalized summation-by-parts (SBP) methods
o high-order, provably conservative, provably linearly and nonlinearly stable, amenable
to complex geometries and parallelization

@ Superconvergent functionals
e very attractive in the context of, for example, aerodynamic shape optimization
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Objectives

Overarching goal:

@ Investigate and improve high-order tensor-product discretizations based on the
generalized SBP property with a specific focus on delineating the requirements for
obtaining accurate solutions and functionals.

Main objectives:

1. Develop components of high-order flow solvers including novel artificial dissipation
operators and approaches for high-order grid generation and refinement.

2. Show that functional superconvergence is retained for generalized SBP
discretizations of sufficiently smooth problems governed by the linear convection
equation in curvilinear coordinates.

3. Develop generalized SBP methods for obtaining superconvergent functionals when
solving sufficiently smooth problems governed by the Euler equations. Delineate
the key features of a discretization having an impact on solution and functional
accuracy including the representation of the geometry, the approximation of the
metrics, and the approximation of the wall normal in the flow tangency boundary
condition.



Definition of 1D SBP operator

Definition of 1D SBP operator for the first derivative™:
o]

. 1D » N . . . . .
A matrix operator, D! ) e RN1* NI is an SBP operator that approximates the derivative de; on the domain
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where tSE and t“f are extrapolation operators
l l

Multidimensional operators:

@ in the present work, multidimensional operators constructed on structured grids
via Kronecker tensor-product formalism

@ truly multidimensional SBP operators on unstructured grids have been derived
(eg. )




Summation-by-parts property

SBP property:

@ describes the relationship between integration-by-parts and summation-by-parts

/ P29 40 o / 9P g, di % P Qung, dl
JQ JQ JI.

a. & a, 8
—_——
2 2 2

Uses include:

@ proving conservation, proving stability, proving dual consistency, etc.



Some SBP operators that can be applied as traditional operators

@ Classical SBP operators ) (1) 1
2 2
o uniform nodal distribution Déllm _ ' N
e include boundary nodes _% 0 é
o repeated interior operator -1 1

@ Hybrid Gauss-trapezoidal-Lobatto (HGTL) and hybrid Gauss-trapezoidal (HGT)*

e uniform interior nodal distribution, nonuniform near boundaries
e HGTL includes boundary nodes, HGT does not

e repeated interior operator

e Optimal SBP operators of
e uniform interior nodal distribution, nonuniform near boundaries

e include boundary nodes
e repeated interior operator
o first two truncation error terms are minimized:

lereps1llfy + llerrp2|lf




Some purely element-type SBP operators*

[ LGL — Legendre-Gauss-Lobatto ] [ LG — Legendre-Gauss ]

Nodal Operator  Extrapolation  Quadrature
distribution degree, p degree, r degree, T
LGLpl ¢ 1 00 p—1=1
LGLp2 ¢—o—¢ 2 oo 2p—1=3
LGLp3 o o9 3 0 2p—1=5
LGLp4 ¢o—o o9 4 0 p—1=7
LGpl H—’% 1 1 2p+1=3
LGp2 fo—e—e 2 2 2p+1=5
LGp3 lo—0—o—e| 3 3 p+1=7
LGp4 o-e—o—o-¢ 4 4 2p+1=9

and



Artificial dissipation

Motivation:
@ use of the preceding operators with simultaneous approximation terms sufficient
for linear problems, volume dissipation can be needed for nonlinear problems
Goal:

@ outline different options for incorporating dissipation via two-element example,
describe volume dissipation operators

1D linear convection equation:

ou ou
— +a =

0
ot Ox

@ assume well-posed initial and boundary conditions

SBP-SAT discretization in left element (similar in right element):

du]; 1D
G en =

—1 -1
J 1D 4 1D J
o (HEP) b, (5, uk — e, ul) —Jal (HE™) Sl

interface SAT dissipation model

diag (Jn )L




Dissipation analysis via energy method

Apply the energy method:

@ multiply by the solution and integrate in space to obtain

AUEdD =11,
— u L + [[uy” R
dat h Héllm rliag(]h) h Héllm diag(]h)
T L
ST L T LR 205 — q - (rrL + nR) t% wy N
= { Bey “h ﬂsluh} LR | T2l [“n “
- h

((‘)‘L+(TR) 208 4o ag, “n

T L
tl w
Bey “h

= o lal I:tg;élu}; tl‘gl“ﬂ [711 711] |:tT HR} —2a| [u}; uﬂ [5 s] [:ﬁ}

xgy h

. A volume dissipation
interface dissipation p

upwind SATs (o = 1) — interface dissipation
e symmetric SATs (o = 0) — no interface dissipation
@ S = symmetric positive-definite — volume dissipation

@ S =0 — no volume dissipation

h



Artificial dissipation operators

Volume dissipation model:

T 2s5—1 T 2s—1 R o*UN*?
u HApu = —cAzy, (Mu)” CMu ~ —cAz;, lal ( 5 ) dx
oxs
Jxy,

@ model approximates dissipative term

@ £ € [0.001,0.04] — dissipation coefficient

@ s = p-+ 1 — parameter related to the order of the dissipation
e C — symmetric positive-definite matrix, e.g., C = H|q|

For classical SBP operators, matrix M given in:

° '

For more general SBP operators (e.g., HGTL, HGT, Mattsson's optimal SBP
operators), matrix M constructed by introducing unknowns near boundaries and
solving linear system of equations



High-order grid generation

Procedure:
1. read in (21, 22) coordinates of initial
2. set up mapping of prescribed polynomial degree on each element:

(x1,22) = My (&1,62) = Z, =1 T(€ij) fi(&1) 5 (&)

o Lagrange interpolation approach™: use initial (x1,22) nodes as interpolation points
Z(&;5), use Lagrange polynomials ¢;(£1),4;(&2) as basis functions f;(£1), f;(&2)

RIN-
(/,(51): % 7:l,,il
1,5 — S1,m

m=1

m#i

o B-spline approach™*: fit initial grid in a least-squares sense to obtain suitable

control points Z(€;;), use B-splines J\/'O"’Jrl)(f ), N pJH)(

fi(€1), f5(82)

3. update (&1, &2) nodes in reference space to correspond to nodes of the operator of
interest

£2) as basis functions

4. calculate (x1,x2) coordinates of new grid in physical space based on updated
mapping and write new grid

see and



1D model problem (primal)

Goal:
@ introduce concept of dual consistency and examine superconvergence in 1D setting

Continuous: find ¢/ and evaluate output Z (/)

PDE: dui("”) =F(z) inQCR?

ax

BC: U(x=0)=U, on 9N

Dual-weighted residual™:

R(U, ) = / P <]~"(1) - dzj(;(IT)> dz — (U — Ur)|z=0

Output functional:
ZU) = / GU dz + ol |o—1 + R(U, )
@ =0
Discrete (SBP): find w; and evaluate output Zj, (up,)

PDE + BC: Duy, = f — H™ 'to(tlun — Uy)

*see Becker & Rannacher [IWR 1996, Acta 2001] and Hicken [JCP 2012]
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Corresponding dual problem and dual consistency

Equivalent functional representation:

I(¥) = / OF dx + YUL|s—o + R* (1, U)
Q N~
dual residual

Dual residual:

R* (1, U) = / u (g(x) + d“’“”) dz — U — a)|om1
9 dx
Continuous:
ppE: — @) _ G(z), z€Q
dx '

BC: ¢Y(zx=1)=«
Discrete functional and dual residual:
Tn(un) = g Hup, + atiun + Ru(2p),, un)
Ri.(%y, un) = ui H(g + D¥y,) — uptr(trep, — a)
upH(g + D¢, — H ' ta(tryp), — a))

—Dypp=g—H iR (tL v, —a)

. discretization is dual consistent

12



Functional accuracy estimate—hyperbolic PDEs

Without a curvilinear transformation:”
\I(U) - I}L<u’1)‘ g O(}lmin(2p+1,7+1)>

T — degree of quadrature

With a curvilinear transformation, extrapolation operators of degree > 2p are
required to preserve superconvergent functionals when:

@ the Jacobian/ metrics of the transformation are approximated by the same SBP
operator that is associated with the norm

@ a higher degree representation of the geometry is used compared to the degree of
the SBP operator used to discretize the flux terms

, based on and 13



1D boundary-value problem and grid functions

Purpose:
o verify functional accuracy estimate numerically

Source term and solution:

Flz) = WelCOS(Tre‘ *W‘Ftﬁ*]) and u(w)sill<7w+l>

e — e—1 e—1

Continuous and discrete integral functionals:

1 1
I(u):/ Z/{dr*/ U de and T (un) Zl HJs (un)i ~ Z(U)

0 dg
1t i
sk | Degree Grid Function, y(&)
s ] 1 ¢
e 2 362+ 3¢
. I 3 36+ 36 + 4¢
0.2 y 4 %&‘+i1§")’+i1§2+i1&
, | 5 3+ R+ 27+ g
| | | | | non-poly. (exp(4€) — 1)/(exp(4) — 1)

Grid functions for variable Jacobian

14



Functional error |Z(U/) — 7}, (uy, )| convergence rate results

o LG operators converge at 7 + 1 only when grid function is a polynomial whose
degree is less than or equal to the degree of the SBP operator used to
approximate the Jacobian/ metrics

3
%
B X0 N
A o 4
M % »
q X o X o)
e o e @
] ™ oo o)
X 5, X X N
. by & > P
SR A S
5 X o X y X o X QK
. e e v e &

Operator  MFDL ~ MFD2  MFD3  MFD4  MFD5  MFNP

LGLpl 200 201  1.98 198  1.99  1.99

LGLp2  4.00 420  4.00  4.00  4.00  4.00

LGLp3 ~ 6.00 598  6.05 580  5.66 6.8

LGLp4 840 864 801  7.92  7.83  7.84

LGpt 401 [200] [1ro99] [ro7] [ro7] [1.95

LGp2  6.00 595 [2.00] [200] [2.00] [2.00

LGp3 869  7.06 823 [3.96] [4.02] [4.01

LGp4 948  9.38 10390  10.75 [4.00] [4.01

Representative functional error convergence rates for different grid functions. Cases

that converge at less than 7+ 1 are .




2D linear convection equation

Goal:

1. derive four dual-consistent discretizations of 2D linear convection equation based
on mortar-element and global SBP-operator approaches”

2. characterize discretizations with respect to truncation error, solution accuracy,
and functional accuracy

Linear convection equation and functional in physical space:

2 Js
g dantt) =F inQ, ZIU):= / GU dQ +% Yyn - (ald) dT
— OTm Ja i

Discretize two analytically equivalent transformed PDEs:

29 o€, 1o [0 oe o0& ou
> gg (Tgeu) =97 3 “21 {oa (T 5ett) + T 5 c’)éz} -7

I,m=1

divergence skew-symmetric

Volume metric invariants used to obtain transformed equations:

2
9 o6\ _ .
Z %, (de> =0, m=1,2

=1

*based on Del Rey Fernandez et al. [JSC 2019] 16



Mortar-element discretization (divergence)

Discrete PDE (interior element):

5 2
a¢; —1 9¢;
D, diag [ 7 up, = diag (Jp ) £ +H Ee diag [ 7 ),
3 Y ) 3 )
Oxm J dxm )
l,m=1 I,m=1
2
. [21—1]
—n! —ER;L‘ WL ding 7250 (Revg gy + gy _1))
2 g & ozm ), & " 2
I,m=1 ’
2
5 [21]
1 a¢
-1 § T L !
+H ——RY HE diag (o7 (Rg. wj, + wio)
2 B, ey o ), Be, “h [21]
I,m=1

Discrete functional (single element):

Ty
Ip(up) =g Hdiag (J/L) up

2 2 2
20-1 20-1
INTLT v (525 e (29270 )
- E [ E diag [ 7 —L - E diag [ 7 —L u
2 (21-117¢, Oz m oem ), g th

h

=1 m=1 m=1
2 2 2
P [21] ; [21]
! T 1 . o9& ) 98
+ - Pion Mz diag | 7 + diag | J Rg, wup
2 st Oz dxom ey
h h
=1 m=1 m=1

17



Global SBP-operator discretization (skew-symmetric)

Discrete PDE (interior element):

2

1 ) 98 ) 9¢; )

- D¢, diag | T —— + diag [ 7 Dg, p wp = diag (Jh) f
2 oxm ) om ),

l,m=1

41 a¢; a¢;
FHT— Eg, diag | T —— + diag [ 7 —= Ee, U
4 ' dzm J ozm )
(20) . (21—1)
1 e 223
1 T L . i T L . 1
— —H R; Hz R 1iz T — R, Hz Rg, dis T
4 Z Bep & v ( Owm ) @ IR Pey o ( ) sy

3 Ozm /),

1 a¢ a¢
1 . L T € . ] T 4
— ZH diag | 7 RY HLRa, wigp — diag [ 7 RY HERg, wig_
4 Z { ( ﬁxm,)h Bey & e (2D ( axm)h gy e Pey (R ”}

18



Single-element global SBP-operator discretization (skew-symmetric)

Discrete functional (single element):

T .
Ip(up) = g Hdiag (‘7],,) up

2 2 2
1] -~ T o¢ o¢
T 1 ) L ) 1
-< = Te Wiy ) RT Hlr diag | 7 - E diag [ 7 wp,
2 22(57 [21-1] gy e g 2 : orm ), oxm ), h
1=1 m=1 m=1
2 2 2 T
1 229} Z 9¢; - T L
+ = diag [ 7 —- ) - diag [ 7 —= Te oy RT HlIR,, u
2 Z Z ( oz m )h oem ), & ¥[2l-1] g, g g MR
=1 m=1 m=1 )
2 2 2
n t)! (T & )TRT HE- R di T % n 1i K 9%t
- = E . . E jag [ 7 —L E diag [ 7 —L )
2 ) 2 SAgtl Be, €1 Pey owm ), oxm ), v
=1 m=1 m=1
2 2 2 T
1 o2& i3 T
4 - E E diag | 7 + E diag [ 7 —L Te, ¥ [21] RY Hg‘ Roe tn
2 dxm h Az h & Sl l
=1 m=1 m=1

19



Approximations of the metrics—mortar-element metrics

@ baseline approach: approximate volume metrics on each element using standard
approach (e.g., ), approximate surface metrics
by extrapolating volume metrics

@ modified approach: use analytic surface metrics from mapping, use optimization
technique of to approximate volume metrics

Discrete volume metric invariants (substitute constant solution):

2

2 2
) 13 ¢, 1 3
T—— | =0= Dgl diag [ J 1—H E&l diag | J —— 1
ag, dzm dxm ) dam )

=1 =1 =1

; 20-1 N (2t
S SRT L diag [ 252 [ ]1 +RY hL diag [ o251 [ ]1 m=1,2
S e A AR Y M

Discrete surface metric invariants (integrate volume metrics over domain):

2
o¢; i
E T ne dff =0 =
i oom )
Tyt
2 l 1
. 201 ) 2
E 1T [ R L e 7250 [ ] 1 1 +RY HE diag g8 o 1 m=1,2
xS - dxm (2t-1] 351 & - Oxm y (21

h
=1

20



Mortar-element metrics—modified approach®

Motivation:
@ in 2D, for p, > p, using the volume and surface metrics from the mapping does
not satisfy the volume metric invariants

Modified approach: for diag (j%)h and diag (jg%)h, for example, solve the

following local optimization problem on each element

L1 .
min E(m — mmrgct)T(m — Mtarget), Subject to Q"m=c
m

where
Q" = [af,.Qf, ]

15} OE:
mT =17 diag | J 3 ,diag [ J €2 , and
oxq h Ox1 h
2 [20—1] [21]
E T T Lo ¢ a T L 9
c = 1 —R Hg diag | T — 19;—1) + Rg, Hg diag ( J 1
< me T ( 921 > [21-11 ¥ g, e < o1 2]

=1

Solution to the local optimization problem:

™t (AT
m = Myarget — (Q ) (Q Mtarget — C)

*see Crean et al. [JCP 2018] and Del Rey Fernandez et al. [JSC 2019] 21



Approximations of the metrics—global SBP-operator metrics™

@ global approach: use global SBP operators to approximate volume metric terms
using standard approach

In 2D: process is straightforward
diag ( fl) 1, = DéZngv diag ( fl) 1, = 7D£§7'>x£17
h h -
7, (752),
di 1, = —D? z3 di 1, = D? zf
iag < 92, ), L £ %3 iag B2 ), 1 6T

In 3D: several options, e.g., Thomas & Lombard [AIAA 1979] (shown below), Deng
et al. [JCP 2013], Vinokur & Yee [Front. of CFD 2001]

diag (755 ) 1, = DY, (diag(af) DL,8) — D, (diag(af) D, 22)
h

. 0¢ . .
diag (‘787:12);,, 1, = DZ, (dlag(w{’) Df, m%) - DY, (dlag(acf) Dggwg)
di jafl 7 1, = =D (d Drl g DY (4 D'] g
1ag ozs ), €3 ( fag(x3) w1) — Ve, ( lag(x3) 531)

*see Del Rey Fernandez et al. [JSC 2019]
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2D scalar linear boundary-value problem

Purpose:
1. investigate impact of superparametric mapping
2. evaluate baseline, modified, and global approaches for the metrics in the context
of the mortar-element and global SBP-operator approaches
Problem parameters: primal and dual source terms defined such that

Uexact(x,y) = sin(2mzx) + sin(27y) and

y)—1
Yexact (T, y) = sin(27x) + %

S AR
el R
EERE] EE

)

00 0 08 10 10

Initial grid with 5 x 5 uniform Final grid with 4 x 4 p = 3
nodes in each element. LG nodes in each element.

Example high-order grid for 2. A degree p, = 4 element-local Lagrange mapping is defined on
each element of the initial grid based on the uniform nodes.



Accuracy measures and test case matrix for 2D boundary-value problem

Accuracy measure Definition

Primal truncation error ‘

g Hg H(Agug — ~7'_</)HX\ = max {Jg "Hy (Agug — Fy)

Primal solution error Hu,l g — Ug

‘ - \/(ulz.g —ug)THg (up, g — ug)
Hg
Primal functional error ‘1;7,(1L;,,,,,) — I(U)|

Dual truncation error ‘

Iy L(AT g — Fdual) HOC — max

1 1 T
J.(l H‘l <A!§ w.(/ ]:S"al>

Dual solution error ‘

Ph,g — d’!JHHy - \/(1/’/,_,1 - wﬂ)'ngw"/hy —g)

Dual functional error ‘Ih("/’h,,g) — Z(u)|

Accuracy measures

Type of discretization Form of equation Metrics Mapping Pg
Mortar-element Div/Skew Baseline Lagrange P
Mortar-element Div/Skew Baseline Lagrange p+1
Mortar-element Div/Skew Modified Lagrange p+1
Global SBP-operator Div/Skew Global Lagrange P
Global SBP-operator Div/Skew Global Lagrange p+1

Test case matrix



Summary of results for 2D boundary-value problem

@ skew-symmetric and divergence accuracy results similar

@ all truncation error rates approximately p, all solution error rates approximately
p + 1 with LG generally outperforming LGL

@ best-case LG functional convergence rate of 2p + 1 outperforms best-case LGL

functional convergence rate of 2p (in the tables below, ¥/-marks indicate
functional superconvergence, X-marks indicate no superconvergence)

Operator Baseline, p Baseline, p + 1 Modified, p + 1
LGL 4 v 4
LG 4 X 4

Mortar-element approach superconvergence matrix (metrics = baseline or modified, degree of
mapping = p or p+ 1)

Operator Global, p Global, p + 1
LGL 4 v
LG v b 4

Global SBP-operator approach superconvergence matrix (metrics = global, degree of mapping
=porp+1)

25



Conclusions (linear convection equation)

@ in , lack of conservation with LG
discretizations with baseline metrics in 3D highlighted as motivating factor for
using modified metrics, here it is concluded that consideration of functional
accuracy provides strong motivation for modified metrics for LG

o functional accuracy identified as a criterion for potentially preferring the
mortar-element approach over the global SBP-operator approach, due to the
ability of the mortar-element approach to obtain superconvergence with LG
operators in 2D with p + 1 mappings when using modified metrics

10° 10°
288
5 318 s
E’ 10° E’ 10°
T 505 T
5 472 5
5 B
2 2
2 2
10710 —o—LGp1 1071
--o-LGp2
——+—LGp3 —#*—LGp3
o LGp4 o LGp4
10 107
107 10° 107 10°
Element size, h Element size, h
LG, p + 1, global. LG, p + 1, modified.

Comparison of skew-symmetric discretizations of the linear convection equation. Global
SBP-operator approach on left, mortar-element approach on right.

26



Accurate solutions and functionals for the Euler equations

Goal:

@ derive dual-consistent mortar-element discretization of Euler equations that leads
to accurate solutions and functionals

Boundary force functional:

T(U) = /i(u)df: / &' {n-F(PU)} dl

JI

where i(U) = (f)T {n - F(PU)} on Pw and i(U) :== 0 on T'\ I'w*

Discrete Euler equations (single element):

dfl u \ up
Z D¢, diag (7 ()T) Fo, (un) = SATU: | 4+ SATU
I,m=1

where, for example,

2
bAT’é’l] 1) =H" ! { “’EIHfl .f(zl 1), h(uh) f?Zl*l),h(uh))}

“see Hicken & Zingg [JCP 2014] and Hartmann & Leicht [JCP 2015] for details
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Accuracy of the flow tangency boundary condition

Background:
@ several papers (e.g., Bassi & Rebay [JCP 1997], Zwanenburg & Nadarajah [AIAA
2017]) demonstrate that superparametric geometry representations provide an
accuracy benefit with respect to solution error in the presence of flow tangency

boundary conditions
Wall SAT:

2 S — Bl
B aeo I _
saTY = —H~IRT b E R diag [ 7 —2 fa, (u) — diag [ T —= Fam PhRag, w)
Wall Xgy €2 Fe2 T dzm ) o . ozm ) e

m=1

Consistency condition:

Hdiag (Jn) " SAT W

= O(hP)

| [e’s}

Theorem
Assuming that a degree p, polynomial geometry representation is used in each element
and assuming that the wall normals are constructed directly from the degree p,
geometry representation, the wall boundary SAT satisfies the consistency condition if
and only if p, > p+ 1, where p, and p are integers.
Result:

||diag (7)™ SATWai||_ = O(A") + O(hP* 1)

28



Unsteady isentropic vortex—exact solution to the Euler equations”

Purpose:

1. verify accuracy of novel volume dissipation models for use with hybrid
Gauss-trapezoidal-Lobatto (HGTL) and Mattsson et al.’s optimal “Accurate”
(MattAcc) operators

Ap = —cAzie; "HT'MTCM

2. investigate effect of different values of volume dissipation coefficient £ on accuracy

Problem parameters: M., = 0.5, [x,] € [-5,5]?, RK4 time-marching

®

Grid with 36 elements (only element Numerical pressure contours with degree
boundaries shown) p = 3 CSBP operators at time ¢ = 20

“see and 29



Unsteady isentropic vortex

Pressure error

Pressure error

101

101

1015

10
Grid size, h

CSBP, = = 0.

10
Grid size, h

CSBP, ¢ = 0.025.

Pressure error

Pressure error

100
. 10°
e 5 100 el
328 = g S =
B @ 107 P
4.99% £ _—
§
&
10%
100
107
107 10 107 1
Grid size, h Grid size, h
HGTL, £ = 0. MattAcc, £ = 0.
10!
100 ~
5 100 —
£ 4.41 2
5 g
© 107
5 592 %
8 100
2
&
107
107
103

10
Grid size, h

HGTL, ¢ = 0.025.

10
Grid size, h

MattAcc, € = 0.025.

Convergence of pressure error for the unsteady isentropic vortex problem
governed by the Euler equations. The caption of each sub plot indicates

the operator and volume dissipation coefficient £, respectively. Note that
e = 0 means that no volume dissipation is used.

When ¢ = 0:
MattAccp3 has
nearly 102
benefit in terms
of pressure error
accuracy over
CSBPp3

When ¢ = 0.025:

MattAccp3 has
under 10"

benefit in terms
of pressure error

accuracy over
CSBPp3
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Steady isentropic vortex—exact solution to the Euler equations™

Purpose:

1. investigate impact of superparametric mapping on LGL/ LG schemes

2. characterize and compare baseline and modified approaches for the metrics

3. compare Lagrange and B-spline approaches for high-order grids

4. investigate impact of wall normal accuracy on traditional schemes

5. functional accuracy of traditional operators with element-type refinement
Problem parameters:

o M, = 0.95, pin = 2, AR ~ 3 near inner radius ri, = 1

o Exact drag force functional = —1/~, defined on inner radius

Y

Degree p = 3 LGL nodes on coarsest grid Pressure contours and velocity streamlines

*see Hicken & Zingg [SISC 2011, JCP 2014] 31




Effect of degree

of mapping and approaches for metrics

100 4165 om0
10° a0
o

109|377 7077
5 B " g
T 107 1-4:06 g . 5]
o 5 - o
© o0 ®
g 8

101

101

107

107 107
Element size, h
LGL, p, baseline.

R ) P

107
o 10 o
g g
@ 10 5]
o o
® 100 ©
o o

1om

101

100

10%
Element size, 1

LG, p, baseline.

Drag error

101
Element size, i

LGL, p + 1, baseline.

10
Element size, i

LGL, p + 1, modified.

Drag error

10t
Element size, i

LG, p + 1, baseline.

100
Element size, i

LG, p + 1, modified.

Convergence of drag error for the steady isentropic vortex problem
governed by the Euler equations. The caption of each sub plot indicates

the operator, degree of mapping, and approach for the metrics, respectively.

Lagrange mappings are used.

LGL
superconverges
with p + 1,
baseline or
modified metrics

LG
superconverges
with p + 1,
modified metrics
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Effect of accuracy of normal with traditional refinement

10 10" 10
107 107 107
L 107 L 10% _ 100
5 107 5 107 5 w0
2. J e benefit of using
o 2o 10! p + 1 one-sided
) stencils for
107 1 - 107 - 10 1- -
o Grid size, 0 Grid size, h o Grid size, h normal
CSBP, p, baseline. HGTL, p, baseline. MattAcc, p, baseline. noticeable for
p = 3 operators,
notp=1,2
5 5 " 5 | operators for this
g 510 16 / ,,ﬂ" R PN // 4 problem
g e o £ o
on 100 sii 7 107 {-4:00 7
10 107 107
101 107 1015
102 107 107 107 107 107
Grid size, h Grid size, h Grid size, h
CSBP, p + 1, baseline. HGTL, p + 1, baseline. MattAcc, p + 1, baseline.

Convergence of drag error for the steady isentropic vortex problem
governed by the Euler equations. The caption of each sub plot indicates
the operator, degree of normal, and approach for the metrics, respectively.
Traditional refinement is used with the exact analytical mapping.
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Subsonic channel flow over a Gaussian bump—Euler equations™

Purpose:
1. investigate degree of mapping and approaches for metrics
2. investigate efficiency with respect to total DOFs and core hours

Problem parameters: 1/, = 0.5, inflow/ outflow and wall boundary conditions
@ Weighted lift functional (approximated with LGp4 with modified metrics)

—8z2
Z(u) = / s nag,p(u)e” ““1ds
©1€[-1.5,1.5], mo=-5e 1

Pressure: 0.54 0.56 0.58 0.6 0.62 0.64 0.66 0.68 0.7 0.72 0.74

7/

S el = i e

5]
/55
/i

Numerical pressure contours and grid. Degree p = 3 Legendre-Gauss generalized
summation-by-parts operators are used in each element (only element boundaries shown).

“see Lu [PhD thesis 2005] for a similar test problem
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Efficiency with respect to core hours

Lift error
Lift error

traditional
schemes can be
more efficient
LGL, p + 1, modified. LG, p + 1, modified. w.r.t. core hours
due to reduced
number of SATs/
increased sparsity

107 101 100 107 101
Core hours Core hours

Lift error

Lift error
Lift error

100 100 107 100
Core hours Core hours Core hours

CSBP, exact, baseline. HGTL, exact, baseline. MattAcc, exact, baseline.

Convergence of lift error as a function of core hours for the subsonic
channel flow over a Gaussian bump problem governed by the Euler
equations. The caption of each sub plot indicates the operator, degree of
mapping, and approach for the metrics, respectively. Lagrange mappings
are used for the LGL and LG schemes.
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Conclusions (Euler equations)

@ shown theoretically that degree of mapping related to accuracy of flow tangency
boundary condition through accuracy of wall normal

@ suboptimal functional convergence generally observed with degree p mappings/
degree p one-sided stencils, due to reduced accuracy of wall normal

Operator Baseline, p Baseline, p + 1 Modified, p + 1
LGL x (wall normal) v v
LG x (wall normal) x v

Mortar-element approach superconvergence matrix (metrics = baseline or modified, degree of
mapping = p or p+ 1)

@ optimal “Accurate” operators of Mattsson et al. (MattAcc) generally perform
better than CSBP/ HGTL w.r.t. solution error, not much difference between
different families of operators in terms of functional error

@ benefit of MattAcc with respect to solution error reduced with addition of volume
dissipation

@ purely element-type operators generally more efficient w.r.t. total DOFs; however,
traditional schemes can be more efficient w.r.t. core hours due to reduced number
of SATs/ increased sparsity
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Summary and future work

Main objectives:
1. Develop components of high-order flow solvers.
e constructed volume dissipation operators based on HGTL, HGT, and Mattsson
et al. nodes, characterized portion of operators through numerical studies
o presented two procedures for high-order grid generation and refinement
2. Show that functional superconvergence is retained for generalized SBP
discretizations of the linear convection equation in curvilinear coordinates.
e presented and verified 1D functional accuracy estimate
e derived and characterized four dual-consistent discretizations of 2D linear
convection equation
3. Develop generalized SBP methods for obtaining superconvergent functionals when
solving sufficiently smooth problems governed by the Euler equations.
e derived and characterized dual-consistent discretization of 2D Euler equations
o delineated conditions for superconvergence—mapping, metrics, wall normal

Future work:
e NS & RANS, discontinuities (geometric singularities), 3D problems, dense-norm
operators, nonpolynomial mappings (NURBS), entropy stable schemes,
unstructured grids

Financial and/ or computational support provided by:
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