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Abstract

In this paper, we present a new approach to the runtime partitioning and load balancing
of adaptive unstructured grids. It is based on special classes of self-avoiding walks whose
existence we prove for arbitrary unstructured grids. We formulate an algorithm for the
construction of such walks, determine its complexity, and provide some sample results. We
show how the construction can be significantly simplified for hierarchical adaptive unstruc-
tured grids and formulate a parallel algorithm for this case. In contrast to other approaches
to runtime partitioning and load balancing based on space-filling curves, we neither assume
an embedding of our mesh into a “regular environment” that allows the construction of such
a curve, nor do we expect the mesh to come with a special (hierarchical) data-structure.

1 Introduction

Advances in adaptive software and methodolo notwithstandin parallel comp tational strate
ies will e an essential in redient in solvin comple real life pro lems owever parallel
comp ters are easil pro rammed with re lar data str ct res so the development of e cient
parallel adaptive al orithms for nstr ct red rids poses a serio s challen e An e cient par
alleli ation of these nstr ct red adaptive methods is rather di ¢ It primaril d e to the load
im alance created the d namicall chan in non niform and irre lar rid  onetheless
it is enerall elieved that nstr ct red adaptive rid techni es will constit te a si ni cant
fraction of f t re hi h performance s percomp tin esh adaption and d namic load alanc
in m st e accomplished rapidl and e cientl so as not to ca se a si ni cant overhead to
the n merical sim lation
techni es pla an important role in all parts of a inite lement ethod
over adaptive mnstr ct red rids A n m erin of the n nowns allows for a
matri vector notation of the nderl in al e raic e ations pecial n m erin techni es
thill ¢ ee frontal methods have een developed to optimi e memor sa e and localit
of the al orithms n the other hand in man cases r ntimes pport for decomposin d namic

adaptive rid hierarchiesis ased on a of the rid hierarch in the form
of a almon et al have demonstrated the s ccessf 1 application
of techni es ased on space llin c¢ rves to od sim lations  ther researchers

have also shown how space llin ¢ rves can e sed for raph partitionin
and similar raph related pro lems




he eneral idea of a space llin ¢ rve is a sort of a seriali ation or lineari ation of
visitin points in a hi her dimensional space A standard method for the constr ction is to
em ed the o ect of st d into a re lar environment where the standard space llin ¢ rves
live his approach introd cesan arti cial str ct rein the sense that the entire constr ction
depends on the em eddin rthermore this t pe of a linear representation for ets a o t
the str ct re of the mesh which drives the form lation of operators etween the
nite element spaces he estions arises whether one co 1d red ce the di erent re irements
for a seriali ation in an adaptive over nstr ct red rids to a common denominator

he term refers to information that can hardl e compressed and which does
not contain an s mmetr or red ndanc At thislevel an la elin orn m erin of the mesh
components is as ood or as ad as an other scheme owever the sit ation chan es if the
mesh adaption is done in a manner where we ased on a set of simple r les for
coarsenin and re nement pa partic lar attention to the trian lation of the initial mesh n
contrast with a eneral adaption scheme that prod ces st another nstr ct red mesh this
strate e ploits the str ct re of the adaption hierarch to simplif the la elin process e
wo Id li e to modif or adapt the la elin onl in re ions where the mesh has een altered

t not re ild the entire inde in his idea has een e tensivel developed in

his paper is the startin point of a series of investi ations which tries to answer the
estion as to what e tent special classes of over adaptive nstr ct red ridscan e sed
to improve the e cienc of the respective al orithms in partic lar localit and load alancin
ch a disc ssion nat rall starts with some theoretical considerations a o t the constr ction
of wal s over meshes fco rse since we are not interested in st an  ind of wal s we have
to rst tac le the estion of the e istence of wal s with the desired properties An e istence
proof sho 1d e constr ctive in the sense that it provides an al orithm for eneratin s ch wal s
oreover since we are interested in al orithms we need to consider how amena le s ch
constr ctions are to parallel implementations

n ection we de ne a certain class of wal s whose e istence for ar itrar nstr ct red
meshes will e proved in ection n ection we disc ss some related al orithmic aspects
and present some sample res lts  he al orithm presented in ection wor s for ar itrar

nstr ct red meshes however a paralleli ation is non trivial and the wal has to e completel
re ilt after mesh adaption rthermore since we cannot ma, e an re larit ass mptions the
chances are  ite low that we co 1d prove the e istence of in the sense of o ndar
conditions wal s n ection we rie review mesh adaption in eneral and hierarchical
re nement in partic lar e nd the missin re larit that ena les s to prove the e istence
of constrained wal s and to form late a tr 1 parallel al orithm for the constr ction of wal s
which is well ehaved with respect to mesh adaption ection concl des the paper with some
perspectives




nition

onsider an ar itrar two dimensional trian lar mesh and denote the nderl in set of
trian les et denote the cardinalit of

self avoidin wal

e nition states that a wal visits each trian le e actl once and that over
non incident faces are for idden
At rst lance condition mi ht appear rather wea As simple e amples show
the re irement that trian les followin one another sho 1d share an ed e is too stron en
erall self avoidin wal s do not e ist nder this ass mption cf i for a trivial e ample

i re A simple co ntere ample loo at thed al raph

n the followin we consider a special class of self avoidin wal s

proper

e nition states that for three trian les followin one another in a self avoidin wal
mpin twice over the same verte is for idden cf i

i re A for idden mp




f two trian les share an ed e we write et e a self avoidin wal f
we will write indicatin that enters from over an
ede f we write indicatin that mps into from
over a verte
e concl de this section with two technical res lts he respective proofs are not ver
di ¢clt t e ond the scope of this paper

cf i [
ote that if two trian les in a mesh share two vertices the share the correspondin
ed e
i re A tetrahedral mesh
O
1t nc
e prove proposition ind ction over the n m er of trian les
Ass me that there e ist proper self avoidin wal s for meshes with  trian les et e
a mesh with trian les
et e a trian le in s ch that the mesh consistin of all the trian les in
e cept is a mesh see lemma his mesh has trian les and hence o r ind ction
ass mption there e ists a proper self avoidin wal for e show that can
e e tended to a proper self avoidin wal for e call this a of
et e an trian le of sharin aned e with ie holds  or an appropriate

there holds



he disc ssion nat rall can e split p into fo r cases dependin on whether enters
thro h an ed e or a verte and leaves thro h an ed e or a verte respectivel
e omit the s script from in the followin for the sa e of clarit f we do not
now whether the transition from to oes over an ed e or a verte we write
n the res elow parts of are drawn as solid lines whereas the modi cations leadin
to are drawn as dashed lines rian les are inde ed  their position in the wal e
is denoted
1 re 1ill strates the modi cations necessar if enters and leaves thro haned e

@ (b)

1 re
another ed e

f then
cf 1 a
f then
f then
of cf i
f then
f

is a proper e tension of  cf

et
is tetrahedral or
nothin to prove

with o r ass mption

istin wal enters the trian le ad acent to

i-1
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thro haned e and leaves it thro h

is a proper e tension of

is a proper e tension

then
i C

Accordin to lemma either
f is tetrahedral there is

or the other case we have

his is a contradiction
which means



herefore if isnot tetrahedral the case
is not possi le

i re ill strates the modi cations necessar if enters thro h aned e and leaves
it thro h a verte

N
i+1
@ (b) (©)
1 re istin wal enters the trian le ad acent to thro h an ed e and leaves it thro h
a verte
f then is a proper e tension of  cf
1 a
ppose ote that de nitel consists of a sin le
verte
f then is a proper e tension
of cf i
f then n that case
is a proper e tension of cf i c
i re ill strates the modi cations necessar if enters thro ha verte and leaves
it thro haned e
f then is a proper e tension of  cf
1 a
ppose
f then is a proper e tension
of «cf i
f then n that case

is a proper e tension of cf i c
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@ (b)

1 re istin wal enters the trian le ad acent to
aned e
1 re 1ll strates the modi cations necessar
i-1
@
1 re istin wal enters the trian le ad acent to

another verte

f then
1 a
f then

ince we have een a le to properl e tend

ic orit

he proof of proposition provides an
wal s startin from an ar itrar trian le of
¢ rrent s comple

his al orithm can e represented rec rsivel
f nction called -

(©

thro h a verte and leaves it thro h

if enters and leaves thro h a verte

(b)

thro h a verte and leaves it thro h

is a proper e tension of cf

is a proper e tension of cf

in all cases o r proposition is proved [

for the constr ction of proper self avoidin
choose new trian les sharin an ed e with the

and e tend the e istin proper self avoidin wal over the new trian le

i re shows the pse do code for the asic

he al orithm e ins with the selection of an ar itrar
trian le from the mesh After removin this trian le from the mesh and insertin

it as the rst



- A (5 )
s , a , st atra a

(triangle remains in  sharing an edge with the triangle at )

insert into  according to the rules discussed in the proof of proposition
remove from
set new position  to position of in

A (., L)
i re he asic f nction

trian le into the wal the f nction - is called with ein the of
the rst trian le in the wal

he comple it of this al orithm is lo where is the n m er of trian les in the
mesh  his comple it is o tained as follows ince we or ani e o r trian les in a red lac
tree a search in this str ct re is of comple it lo he ed e trian le incidence
relation can also eor ani ed inared lac tree ince we have to perform this search for each
trian le in o r mesh the overall comple it of o r al orithm is lo

ote that the al orithm descri ed a ove can e improved in man wa s or e ample we
completel i nored additional information li e nodal de rees ch information mi ht e sef 1
for the desi n of wal s with special properties
iven the e istence of proper self avoidin wal s another approach as an accel
eration techni e mi ht e favora le or e ample self avoidin wal s have a lon tradition
in the application of onte arlo methods to st d lon chain pol mer molec les A
disc ssion of this approach is e ond the foc s and the scope of this paper

e implemented a se ential al orithm for the eneration of a proper self avoidin wal sin

the and containers from the tandard emplate i rar which is part of the

A standard oth containers are implemented with red lac trees he res lts

presented in a les and were o tained for some sample meshes on a micro A
sin S compiler version with the a ote that the times in the

ta les elow incl de the set p time for the mesh and the ed e trian le incidence str ct re

he res lts in a le indicate the dependence of the r ntime on the n m er of trian les
ored es Accordin to o r description of the al orithm the r ntime ma also depend on the
trian le ed eratio heres ltsin a le e plore this possi ilit

hen m ersin a le clearl show that the dependence of the e ec tion time on the
trian le ed e ratio isne li i le and con rm o r comple it estimate for the whole al orithm




a le ntimes for the asic al orithm sin red lac trees for di erent mesh si es

a le ntimes for the asic al orithm sin red lac trees for di erent trian le ed e
ratios

ti 1 tion nd r 1 tion

A standard paralleli ation of the deterministic al orithm wo ld e ased on the o servation
that if the proper e tensions of a self avoidin wal for two trian les do not interfere with each
other then the can e done in his eneral strate is followed e in parallel
constrained ela na meshin ch an approach is feasi le in dealin with sin le meshes
when no additional str ct ral information is availa le or with families of meshes witho t
an hierarchical str ct re altho h this proced re mi ht e comp tationall e pensive in
connection with adaption

or meshes a completel di erent approach is possi le the eneral al orithm
has to e applied onl once to the initial mesh and this coarse self avoidin wal can e
after adaption n the local level we are oin to e ploit the re larit of the re nement r les

his leads s to the consideration of self avoidin wal s ocal re larit allows
s to prove the e istence of sol tions for the nderl in o ndar val e pro lems n that
sense the al orithm derived from the proof of proposition arantees the solva ilit of

initial val e pro lems onl

nstr ¢t red rids for solvin comp tational pro lems have two ma or advanta es over str c
t red rids irst nstr ct red meshes ena le e cient and a tomatic rid eneration for
pro lems with comple eometries or those with d namicall movin o ndaries econd



the a ilit to d namicall adapt an nstr ct red rid is a powerf 1 tool for e cientl solvin
comp tational pro lems with evolvin ph sical feat res redistri tin the availa le mesh
points to capt re phenomena of interest s ch adaptive proced res provide a ro st relia le
and e cient alternative to conventional ed si e n merical techni es which ma fail to resolve

ne scale phenomena inc r e cessive comp tational costs and prod ce incorrect res lts

wo t pes of mesh adaption strate ies are commonl sed with nstr ct red rids n the

rst strate  the rid is either lo all or locall re enerated with a hi her concentration of
points in the hi h error re ions and with a lower concentration of points in the low error re

ions Altho h the res ltin rids are s all well formed with smooth transitions etween
re ions of coarse and ne mesh resol tion s ch schemes are comp tationall intensive  his
is a ma or draw ac for time dependent pro lems where the mesh m st e adapted ever few
time steps  he second strate involves local modi cations of the e istin rid  individ all
addin points to the mesh where the error indicator is hi h and removin points from re ions
where the indicator is low  he advanta e of this strate is that relativel few mesh points
need to e added deleted at each step  his ma es it partic larl
attractive for nstead pro lems where the sol tion s all chan es rapidl owever compli
cated hierarchical data str ct res m st e maintained to eep trac of the evolvin mesh and
simplif the coarsenin proced re

n two dimensional meshes trian lar elements are the most pop lar A trian le can

e re ned in di erent wa s isectin one or more ed es or addin additional points
in the interior = owever the most most pop lar strate of s dividin a trian le tar eted
for re nement is isectin all three of its ed es to form fo r con r ent trian les as shown
in i his t pe of s division is called or and the res Itin trian les are
referred to as ein A pro lem is that the re ned mesh will e nless
all the trian les are isotropicall s divided o et a consistent trian lation witho t lo al
re nement asecond t peofs divisionis allowed or e ample a trian lema es divided

into two smaller trian les isectin onl oneed e asshownin i hist peofs division
is called or in this case and the res ltin trian les are referred to as ein
he process of creatin a consistent trian lation is de ned as a operation  ote that

several iterations ma e necessar to achieve clos re

i re he left pict re shows the isotropic s division of a trian le  he ri ht one ives an
e ample of anisotropic s division

ne ma or pro lem with the anisotropic re nement of trian lar elements is that repeated
s division can lead to poor oor mesh alit is de ned as a rid de cienc
that leads to inacc rate n merical sol tions n order to esta lish d namic nstr ct red mesh
adaption as a powerf 1 comp tational tool a techni e is needed to ens re that the mesh does
not deteriorate after several levels of re nement A common strate  to control the
alit of a re ned mesh is to alwa ss divide the lon er ed es if an of ever trian le that
have an ed e mar ed for s division A pop lar techni e to improve the alit



of a mesh is to perform
ince oth these techni es have certain limitations we follow a strate similar to that
descri edin  for tetrahedral meshes
t is ass med that a iven initial mesh alwa s has
accepta le element alit A co ple of additional r les are then applied primaril to ass re
that the alit of the adapted mesh does not deteriorate drasticall with repeated re nement
All trian les with e actl two isected ed es have their third ed e also isected h s s ch
trian les are isotropicall re ned
A reen trian le cannot ef rthers divided nstead the previo ss division is discarded
and isotropic s division is applied to the red ancestor trian le
ort natel these additional constraints also simplif the inde in scheme that is descri ed in
the ne t section

t is the tas of an to properl name or la el the vario s o ects vertices ed es
trian les of a mesh e prefer the term inde scheme instead of to stress that the
se of nat ral n m ers as indices is not s  cient to meet the namin re irements of the
o ects on parallel architect res

e ive here a rief description of o rinde in techni e for the sa e of completeness for a
detailed disc ssion refer to ote that o r techni e is intended to e sed for hierarchical
meshes onl

r inde scheme is a com ination of and schemes  he coarse scheme la els
the o ects of the coarse mesh in s ch a wa that the incidence relations can e easil derived
from the la els  he vertices are en merated startin from or the e ample in i the

1 2

i re An shaped domain and its coarse trian lation
set of vertices for the coarse trian lation consists of the followin n m ers
vertices

he ed es of the coarse trian lation are inde ed  ordered pairs of inte ers that correspond
to the endpoints of the ed es  he orderin is chosen so that the rst inde is less than the
second one or the e ample in i the set of coarse ed es consists of the followin pairs

ed es



he same principles are applied to inde the coarse trian les he are denoted the triple
consistin of their verte n m ers in ascendin order h s the set of coarse trian les reads

trian les

ote that this inde scheme can e applied to elements with ¢ rved o ndaries as well
he ideal model for local considerations is iven  the two dimensional standard simple
cf i

® (1/3,1/3, 1/3)

(1/2,1/2, 0)

i re he two dimensional standard simple and some points on it

he local scheme e ploits the re larit and the niteness of the re nement r les to

prod ce names for the o ects at s se ent re nement levels e se scaled nat ral
coordinates as indices in the local scheme A ain this is done in a wa s ch that incidence
relations and the re nement level are in the indices of the o ects cf i or

e ample the set of vertices at level in the local model is iven

(00,1) (002)

1,00,/ LN (0,1,1)
(111 (2,2,2)
@1\ /(141

(1,00 01,00 (200 (1,1,0) (0,2,0)
i re amples of the local inde scheme for trian lar elements he vertices and
trian les are denoted  inte er triples trian les old face
vio sl there holds and therefore we have the followin
em eddin his shows that we can easil move etween re nement levels

rescalin



enote the set of ed es at level e choose the inte er triple correspondin to
the midpoint of an ed e as its inde ence and

enote the set of trian les on level red and reen and let

e choose the inte er triples correspondin to the ar center of a trian le as its inde
i re shows the local indices for the vertices and the trian les on the rst two re nement
levels for isotropic s division
he coarse and local schemes are com ined  ta in the nion of the artesian prod cts
of the coarse mesh o ects with their correspondin local schemes Am i ities are resolved
sin a form of the inde
he e feat res of s ch a scheme are
ach o ect is assi ned a that is independent of an architect ral considerations
or implementation choices
om inatorial information is translated into simple arithmetic
t is nder adaptive re nement o arti cial s nchroni ation seriali ation is
introd ced
t can e e tended with appropriate modi cations to three dimensions

ecallas set a of ifit can e o tained  appl in the
re nement r les descri ed in section
he is de ned to e ero or an ar itrar trian le
the re nement level is de ned as the s ccessor of the re nement level of the
the trian le it was created from s division he is
de ned to e ma im m of the re nement levels of its trian les e denote the level of a

trian lation
he scheme developed in the previo s section allows s for the case of hierarchical re
nement to decompose o r considerations into lo al and local cases ere lo al means
related to the initial coarse mesh ocal means restricted to a trian le of the coarse
mesh iven a wal over and a local re nement of the coarse mesh one mi ht as whether it
is possi le to e tend the wal over the trian les of the local re nement n addition we wo 1d
li e to deco ple the considerations for di erent coarse trian les  his leads nat rall to what
we call self avoidin wal s a wal over the initial mesh leaves a ind of a trace or
footprint on each coarse trian le which is then translated into a o ndar val e pro lem for
the e tension of the self avoidin wal
n this section we prove the the e istence of constrained proper self avoidin wal s  he
re larit of the local pict re allows s to doso e start with the de nition of a




constraint

he previo s de nition states that we for id constraints re irin that a wal enters

and leaves a trian le thro h the same ed e or the same verte he latter wo 1d impl a
for idden mp in the coarse wal n the de nition we implicitl sed the em eddin
and the isomorphism i re shows a few

e amples of constraints

a B
a a
B B B | a
K K v

i re A few e amples for constraints

compati le

he followin can e easil shown

O

emma, is valid not onl for constraints on and t also for
constraints on red and reen trian les at an level since the proof of lemma depends onl
on the fact whether a trian le is red or reen
vio sl the form lation of constraints is not restricted to coarse trian les ie trian les

at level ero A sli htl more eneral de nition than de nition oes as follows
constraint
e prove proposition ind ction over the level of emma, is the
startin point for o r ind ction
Ass me now that et is a local re nement of
and his techni e is nown as cf i
o r ind ction ass mption there e ists a proper self avoidin wal which is com

pati le with e show that there is a proper e tension of




i re o r steps of hierarchical coarsenin
can e o tained from local re nement et e a trian le of  which m st e
s divided red or reen in order to o tain a constraint on the children of
or in other words the constraint on is to s children his sit ation is
ill strated in i i re a shows a local re nement and the iven constraint
i re shows one step of hierarchical coarsenin where we alread have a proper self
avoidin wal his self avoidin wal ind ces constraints on the hi her level trian les as

shown in 1 C

AN
a : JAVAN

(a) (b)

i re wo steps of constraint propa ation
ince will ere nedred or reen we can appl lemma and the remar thereafter to
properl e tend over the children of
f we appl this proced re to all trian les whichm st es dividedto et to we

o tain

his proves o r proposition [l

i re shows an e ample for the correct e tension of a proper self avoidin wal to a
hi her level of re nement i re a shows the wa dictated  the constraints

his wal can often e improved in the sense that certain mps over vertices can e replaced

mps over ed es since the trian les nder consideration share an ed e cf i

iven a constraint on  and a local re nement proposition arantees the
e istence of a compati le proper self avoidin wal he proof of proposition  also provides an
al orithm for the constr ction of the sol tion of this o ndar wval e pro lem he s nthesis
of propositions and provides a simple parallel al orithm which re ires chan in an
e istin proper self avoidin wal onl where the mesh has een adapted coarsened re ned
f the mesh adaption a ected onl levels hi her than the wal has to e modi ed onl over
trian les whose level is reater than ote that the local adaptions of the wal are deco pled
from one another and can e done independentl th s thisis a tr 1 parallel al orithm  his
wor will ethes ect of a forthcomin paper



1 re tension over a hi her level of re nement

oncuion nd r cti

n this paper we have developed a theoretical asis for the st d of self avoidin wal s over
two dimensional adaptive nstr ct red rids edescri ed an al orithm for the constr ction of
proper self avoidin wal s over ar itrar nstr ct red meshes and determined its comple it
to e lo his was con rmed a se ential implementation whose res lts we
report e disc ssed the iss es for a paralleli ation of this al orithm ands  ested asi ni cant
improvement for hierarchical adaptive nstr ct red rids or this sit ation we have also een
a le to prove the e istence of constrained proper self avoidin wal s

vio sl the res lts o tained th s far allow a strai htforward enerali ation to three
dimensional meshes  owever since there is more in three space there is some e i
ilit in the enerali ation of these res lts
he application to is li ewise rather strai htforward owever modi cations
to improve in the sense of a enerali ed re ires a more detailed st d of
the relationships etween more speciali ed constraints on wal s and cache memor ehavior

ic onc t o o in tori 0 00

comple

he elements of sometimes are called are called i either
or
A comple is called i it does not contain cells of dimension reater than
and each cell of smaller dimension is incident with at least one  dimensional cell
A is a  dimensional comple in which each dimensional cell is
incident with at most two dimensional cells A pse domanifold is called i each
dimensional cell is incident with e actl two dimensional cells



he 1s lven

ote that lives in
A dimensional cell is called i its o ndar comple is isomorphic to the
o ndar comple of the dimensional standard simple

simplicial comple

he rst e ample in i shows a comple which consists of two one dimensional and
two ero dimensional cells  his comple is a closed one dimensional pse domanifold and is not
simplicial  he second comple shown in i is a closed simplicial pse domanifold ote
that in oth e amples the nderl in topolo ical space is a manifold

i re A non simplicial and a simplicial comple
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