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Vector fields are ubiquitous in science and
mathematics, and perhaps nowhere as
much as in computational fluid dynamics
(CF n order to ma e sense of the ast
amount of information that a ector field
can carry, we present in these notes some
important topolo ical features and con

cepts that can be used to et a limpse of
what a ector field is doin

1 Vector 1iel s

ector field arises in a situation where,
for some reason, there is a direction and
ma nitude assi ned to each point of
space

he classic e ample of a ector field in the
real world is the elocity of a steady wind

e will draw a ector field as ha in its
point of ori in at the point to which it is
assi ned n this way a ector field resem
bles a hairdo, with all the hair bein per
fectly strai ht

Fi ure 1 Vector Field (unnormali ed

vector el is, mathematically, the
choice of a ector for each point of a re ion
of space n eneral, let denote an open
set of wuclidean space ( e will usu
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ally be interested in the cases n =2 and
n= hen a ector fieldon 1is i en by
a function f - e will assume that
a ector field f is at least once continu
ously differentiable, denoted C

ore enerally, one can also consider a
phenomenon such as real wind, which can
be represented by a ector field which
chan es from moment to moment he
mathematical name for this is time

e en ent vector el athemati
cally, a time dependent ector field on an
open set in is a function of the form
f X - ,where issome time inter

alast<b

hin of a time dependent ector field as
a mo ie, each frame of which is an ordi
nary ector field

n these notes we will i e more empha
sis to steady (non time dependent ector
fields

Fi ure2 ormali ed Vector Field

Differential uations an Solu

tion Curves

ifferential e uation (or more pre
cisely, an autonomous, ordinary differen
tial equation defined on an open set  of
uclidean space is an equation of the

form q
X
== = f(x
where - denotes an un nown
cur e parametri ed by some (as yet
un nown inter al  containin , and
f N is C
1 enany point o0 , we may assume an
initial condition of the form ( = |
ith this condition, the istence heo
rem for solutions of autonomous S

states the followin here e ists a num
ber ¢ > and a solution (-¢c,c - n
other words, ( = g and, for each t in
the inter al (—c,c,weha e '(t =f( (t

his solution is unique in that any cur e
y (—c,¢ -  which also satisfies the ini
tial condition y( = [ and the equation
y'(t =f(y(t , must in fact be the cur e

hin of f( as representin the elocity
of a steady wind at the point hen the
solution cur e (t represents the hypo
thetical tra ectory of a massless particle
released at time = at the point

ne may also consider non autono
mous ifferential e uations hese are
equations of the form

dx:

g = T
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where - once a ain denotes an
un nown cur e parametri ed by some
inter al owe er, in this case,
f X o is a C function ta in not
one but two ar uments ( ere repre
sents some inter al of time

is a solution of a non autono
mous li e this means that must
satisfy the initial condition, (t =

nd there must e ist some number ¢ >
such that for each t lyin in the inter al
(tg —¢c,tg c,wehae '(t = f((t,t
( otethat unli e theinter al (—c, c in the
autonomous case, which must contain |,
this inter al may omit but must contain
the alue t;

o say that

he classic e ample of such an equation is
a ain wind real wind, which aries with
time he function f( , t may be thou ht
of as representin the elocity of the wind
at location and timet nd the solution
cur e represents the tra ectory of a par
ticle that is released in the wind at
time = tgat the point g

3 ase S ace

n addition to concrete eometrical appli
cations, one of the most important uses of
differential equations is to understand the
e olution of the state of an abstract physi
cal system as time pro resses For e am
ple, consider the hin ed roof shaped lid
atop some public trashcans ts physical
state can be described by two coordinates
the an ular position of the lid, and the
an ular elocity with which it is rotatin
about its hin e he abstract representa
tion of all states is actually a cylinder,
because the an ular position repeats after

2TT  his cylinder, then is the ase
s ace for this problem he differential
equation o ernin the physics of the
trashcan lid pro ides a ector field on this
phase space

ra ectories of this ector field decribe the
chan e in state that the lid would e peri
ence form any initial position hysically,
this is the classic pendulum with fric
tion

Fi ure endulum with Friction

n this fi ure the hori ontal coordinate
represents the an ular position (which
has been unrolled to lay the cylinder out
flat hence the phase portrait abo e
repeats with hori ontal period 2TT  he
ertical coordinate represents the an ular
elocity, of the trashcan lid For any initial
condition[lie, a point of this phase
spacel] the unique tra ectory thou h that
point shows the time e olution of that ini
tial condition t is apparent from the fi
ure that, for almost all initial conditions,
the tra ectory e entually spirals into a
stationary point of the ector field his
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corresponds to oin throu h some finite
number of full re olutions in an ular posi
tion, and then swin in bac and forth,
approachin the stationary equilibrium
state in the limit nyone who has scien
tifically e perimented with this ind of
trashcan nows that this is e aactly what
happens

Vector iel s « OD s

n a mathematical sense, ector fields and

differential equations may be considered
to be the same thin ore precisely, time
independent ector fields are the same
thin as autonomous ordinary differen
tial equations

his is simply because each one is deter
mined by a function f - iena

ector field defined by a function
f -, one may write the differential
equation i en by d dt = f( nd con

ersely, i en a differential equation

d dt= f( , one may e tract the ector
field f( hus both ector fields and
autonomous ordinary differential equa
tions carry the same information

nd similarly, time dependent ector
fields may be thou ht of as the same thin
as non autonomous differential equations
each one is determined by a function
f X

lo s

Vector fields and differential equations
i e rise to families of transformations of
space called o s

et us introduce new notation for the tra
ectory of a point p the solution cur e

which ta es the alue p at time = will be

denoted by a

hese tra ectory functions o must, where
defined, satisfy the fundamental consis
tenc con ition etp[ andletsand
t denote any two len ths of time hen the
result of followin the tra ectory of p for
time s, and then followin the tra ectory of
that result for time t, is e actly the same
as the result of followin the tra ectory of
p for times t

n mathematical lan ua e et q denote
the point a (s, the result of followin the
tra ectory of p for time s hen we must
haea (t =a(s t

t is useful to unify the tra ectory func
tions a for all p into one sin le function of
two ariables For any p 0 and t O
define @(p,t tobea (t ow @p,t is ust
the result of followin the tra ectory of p
for time t

hen the consistency condition becomes
ust
e(@(p,s),1) = @(ps+i)
where er it is defined ( ote that this
holds for ne ati e as well as positi e al
ues of s and t e also ha e

@(p,0) = pforallpin

y the way, the e istence and uniqueness
theorem for s also tells us that the
flow function @ of the two ariables pandt
must be continuously differentiable, or C

ow we can see that for each fi ed alue
of t, there is a mappin of to itself which
ta es p to @p, t his mappin is often
denoted by ¢@  hus, by definition, we
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hae o(p = @p, t where er this is

defined

Finally, we can define what is meant by

t e o associate it a ifferential
e uation his isthe family of all the
transformations @ - he consis

tency condition for this flow can now be
stated as @ ¢ =¢ for all s and t for
which this is defined wue to the equi a
lence of differential equations and ector
fields, the flow of the differential equation
dp dt= f(p is also called the o oft e
vector el f(p

o conver ent tra ectories of a C
vector el

he uniqueness of solutions to S
tells us important information about the
confi uration of tra ectories of a C ector
field ach point p of the domain lies
on one and only one tra ectory

n particular, this tells us that tra ectories
can ne er truly con er e, cross each other,
or branch ( wo tra ectories may a ear
to con er e, for e ample, if as time - o
both tra ectories approach the same point

ut this can only occur when that point is
in fact its own tra ectory a stationary
point

t is enli htenin to see what can happen
when we drop the condition that the ec
tor field be continuously differentiable n
interestin e ample (Fi can be con
structed if a ector field is defined on all of

iaV(,y =(1, y ( he deri ati e
d(y Oyis 2y , which does not e ist
when y = | so this ector field is not con
tinuously differentiable

et a be any number hen the cur e
ienbyt - (t,(t —a is atraectory of

this ector field wut since V(, =(1,

for all , it is clear that the a is itselfis

also a tra ectory, iathecur e i en by

t - (t, hese two tra ectories cross

each other

t the point where they cross, two distinct
tra ectories start from the same initial
conditions his iolates the uniqueness of

solutions which must hold for C ector
fields

Fi ure Vector Field V( ,y =(1, y
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e o ofalinear vector el

n the case where a ector field on is
defined by a matri , then there is a simple
e plicit formula for the flow of V

uppose V(p = p at each point p, where
is some n X n matri  hen the flow of V is

i en by a ery simple and beautiful for
mula ((p,t =e p erethe e ponential
e ofann X n matri is the n X n matri
defined as

®k
M = Zhﬁl
k=0

Classi cation of ra ectories

e are now in a position to ma e an ele
mentary classification of the inds of tra
ectories that can occur e may thin of a
tra ectory as a mappin > from
the real numbers to uclidean space
en one of t ree con itions must
ol

1 he mappin is one to one n this case
the traectory is a cur e that ne er
returns to where it has been his is called
a re ular tra ector ( ore about these
later

2 he mappin has a least period , say
t , after which it repeats e actly where it
has been before (t t = (t forall t

he tra ectory must form a simple closed
cur e in uclidean space uch a traec

1. Inthese notes, we will often not distinguish trajectorieswhich
arise from different initial conditions but constitute the same set
of points.

tory is called a close orbit ( ore about
these later

he tra ectory stays put he entire tra
ectory is a sin le point (t =p for all t
his happens at locations where the ec
tor field is , and nowhere else his ind
of tra ectory is called a stationar oint
( ore about these later

erminolo ther terms for a station
ary point include e wuilibrium, sin ular
it , e oint, and zero (t is also
sometimes called a critical point, but
this term is perhaps best reser ed for its
ori inal definition where the deri ati e of
some mappin to anishes ector
field without stationary points is called
non sin ular

Some ssential Conce ts of

o olo

ome fundamental concepts of topolo y in
uclidean space that will be used or
assumed here include the followin

n €nei bor oo of a point p for a
number, denoted ¢(p, is the set of all
points at a distance < € from p

point p is a limit oint (or accumula
tion oint of a set if fore ery € > |
«(p — {p} contains at least one point of

n o en set is any set that is an arbi
trary union of sets of the form (p  ote
that the empty set is open, as is the entire
space
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close set is any set whose comple
ment - is open qui alently, a
closed set is any set which contains all its
limit points

nei bor oo of a point p is any open
set containin p

set in is com act if it is closed and
bounded
set is 1isconnecte ifthere e isttwo

dis oint open sets, each of whose intersec

tion with  is non empty set is con

necte if it is mnot disconnected
ntuiti ely, is connected ifit is all in one
piece

sequence p, p, ,p, a roac es
t e limit p if for e ery € > | there e ists
aninte er = (€)> ,such thatiz>
implies that p liesin (p  his situation
is denoted by lim p = p ( f you are not
familiar with this definition, it is worth
ta in the time to understand it ote
that a sequence can approach at most one
limit, althou h a set of points {p} may
ha e many

mappin f — V between two open
sets and V is continuous if whene er
there are points {p } and pin  for which
limp =p,thenlimf(p =f(p ( nbrief a
continuous function is one which pre
ser es limits

omeomor ism or to olo ical
e uivalence between two sets and is
a mappin h —  that is continuous,
one to one, onto, and has continuous
in erse h opolo y is concerned with
properties of shapes that remain
unchan ed under homeomorphism

wo ector fields or flows are called to o
lo icall e uivalent (or homeomorphic
if there is a homeomorphism between
their domains which carries tra ectories to
tra ectories, and preser es the direction of
increasin time

un amentalt eoremofOD s

n a sense, closed orbits and stationary
points are much rarer than re ular tra ec
tories, at least for most ector fields fpis
a point on a re ular tra ectory, we can
state e actly what nearby tra ectories
loo li ein some nei hborhood of p

eorem f p is a point on a re ular
tra ectory, then there is a nei hborhood
of p and a homeomorphism h -
which carries each piece of a tra ectory
lyin in onto a strai htlinein  paral
lel to the a is

n plain n lish, this theorem says that
near a oint of a re ular tra ector ,
tra ectories llu s aceint e same

a t at arallel lines o, topolo ically
spea in

Al a an Ome alimit Sets

e wish to define how a re ular tra ectory

(t beha es as t approaches infinity o
we define the ome a limit set of t e
tra ector to be all those points of the
domain which are limits of a sequence of
the form (t for alues of t approachin
infinity e denote this set by X

am le Consider a ector field in which
one tra ectory approaches a closed orbit
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by spiralin around it closer and closer
hen the entire closed orbit is the ome a
limit set of

am le Consider the ector field V( .y
=(— ,y in the plane he tra ectory (t
satisfyin the initial condition ( =
( ,y is i enbythecur e (t =
( e ,ye huseach tra ectory lies on a
hyperbola of the form y = for some

alue of (and this includes the de ener
ate hyperbola y = as well

Clearly, the only tra ectories ha in a
non empty ome a limit set are those lyin
onthe a is

imilarly, the alpha limit set, of a tra ec
tory (t, denoted by O( , is defined as
the ome a limit set of the re ersed tra ec
tory (-t n the abo e e ample, only tra
ectories lyin on the y a is ha e a non
empty alpha limit set

uppose there is a number t for which
the tra ectory (t remains inside a com
pact subset of the domain for all t = t
hen the followin must be true concern
in the ome a limit set of
1 O is non empty
2 X 1isclosed
G is in ariant by the flow (i e, it is
a union of tra ectories , and
X 1is connected

9 imit C cles

he limit cycle is an important topolo ical
feature of some ector fields

De nition limitec cle of a ector field
V is a closed orbit C of V that is contained
ind( or X forof some tra ectory #C

ere is an important result about limit
cycles in the plane

eorem ( oincar endi son  uppose
Visa ectorfieldin ,andlet beatra
ectory of V  uppose that W 1is non
empty, compact, and contains no station
ary point hen W must be a closed

orbit

hat ma es the limit cycle particularly
important is that it will persist e en after
a small perturbation of the ector field

eorem et Vbea ectorfield ha in a
limit cycle C etV be a sufficiently small
(in the C sense perturbation of V. hen
V will also ha e a limit cycle

1 Classi cation of solate Station
ar oints

stationary point is called isolate if is
not a limit point of other stationary
points fthe point p is an isolated station
ary point of a ector field
V( ’ = (V ( ’ 7V ( ’ » OT
then we can further in esti ate the struc
ture of the tra ectories nearby by e amin
in the socalled acobian matri of
partial deri ati es, V = (0V 0 his
matri will of course be 2X2 in the 2
dimensional case and 3X in the dimen
sional case

hen we e aluate the acobian matri at
the stationary point p, we obtain a matri
whose alues are numbers s with any
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such matri , we may calculate its ei en
alues and ei en ectors

De nition stationary point is called
erbolic if the real parts of the ei en
alues of its acobian are all non ero

hyperbolic stationary point must neces
sarily be isolated

eorem f p is a hyperbolic station
ary point, then the tra ectories near p are
determined up to topolo ical equi alence
by the number of positi e and the number
of ne ati e real parts that the arious
el en alues ha e

ust how often does this non ero real
part condition hold Fortunately for us, it
is the rule and not the e ception n a
sense that can be made precise, this condi
tion holds with probability = 1

his theorem is a remar able application
of topolo y to the local classification of
stationary points

ccordin to this theorem, we can cate o
ri e all but a set of measure of the iso
lated stationary points in 2 dimensions in
terms of ust inds both ei en alues
with positi e real part one positi e and
one ne ati e, and both ne ati e 1imi
larly, in dimensions there are distinct
types (e cept for that set of measure

De nition sin is an isolated station

ary point p each of whose nearby tra ecto

ries satisfies X = {p} ( lternati ely,

for each nearby tra ectory , the limit of
(t ast - oisp

De nition source ofa ector field Vis
an isolated stationary point p which is a
sin of the re ersed field, =V

11 eometric Classi cation of
erbolic Stationar oints

et V denote a ector field with a hyper
bolic stationary point p, at which the aco
bian matri is V=(dV 0

e imensional case

he ei en alues of V are the roots of the
quadratic polynomial (A defined by (A
= det( — A ince this is a quadratic
polynomial with real coefficients, the roots
are either both real or else they are com
ple con u ates of each other (say i
and — i, where and are real e
consider the cases

1 oth roots real
a oth positi e

source

b othne ati e
sin

¢ pposite si ns
sa le

2 Comple con u ate roots
a  positi e
s iral source
b ne ati e
s iral sin
ote he sense of the spiral in case 2 can
be determined from the si n of curl(V at
the point p f curl(V (thou ht of as the
scalar quantity 0V 0 —0dV 0 ispos
iti e, then the swirl will be countercloc
wise, and ice ersa

e 3 imensional case
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he ei en alues of V are the roots of the
polynomial (A defined by (A =
det( — A ince this is a cubic polyno
mial with real coefficients, the theory of
equations tells us that there are either
real roots, or 1 real root and a pair of com
ple con u ate roots Case by case

1 11  roots real
a 1l positi e
source
b 2 positi e, 1 ne ati e
sa le(2dims out, 1in
¢ 1 positi e, 2 ne ati e
sa le(1dim out,2in
d Ilne ati e
sin
2 1 real,
(a ain, say
and are real
eal root positi e
a  positi e
s iral source
b ne ati e
s iralsa le (1 out, 2 dims in
eal root ne ati e
a  positi e
s iral sa
b ne ati e
s iral sin

1 comple conu ate pair
iand — i, where

le (2 dims out, 1in

1 at is So m ortant About
erbolic Stationar oints

fVisa ector field with a hyperbolic sta
tionary point at the point p, then this is
stable in the followin sense uppose V
is another ector field which is sufficiently
C close to V in a nei hborhood of p
( his means that V and its first
deri ati es are close to the correspondin

alues of V near p Conclusion the ector
field V must also ha e its own stationary
point at some point p near p, and further
more t e tra ectories of V near
must be to olo icall e uivalent to
t e tra ectories of V near n brief a
local perturbation of a hyperbolic station
ary point does not chan e the topolo y

his ind of stability is called local
structural stabilit

his is a ver important property of

hyperbolic stationary points t means
that they will show up independent of
small errors of measurement as in ari
ably occur in the real world

Conversel , an isolate stationar
oint ossessin local structural sta
bilit must be erbolic

13 Area or Volume reservin Vec
tor iel s

n many applications[] for e ample,
hydrodynamics[] the ector fields encoun
tered will often be olume preser in (n
this conte t we use the term olume to
mean both ordinary olume in dimen
sions and area when we are referrin to 2
dimensions

y definition, a ector field is volume

reservin when its flow @ carries any
open set in its domain to a set @ ( ) of
the same olume, for all times t

he condition for a ector field V to pre
ser e olume is that di (V (n2
this means 0V 0 0V 0 in it
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means 0V 0 0V 0 ov 0 =
For this reason, the term iver ence
free is used as a synonym for olume pre
ser in

fundamental topolo ical consequence of
bein olume preser in is that no o en
set of nite volume ma ever o toa

ro er subset of itself by the flow,
whether in positi e or ne ati e time

his stron condition immediately rules
out both sources and sin s from occurrin
in olume preser in ector fields ut it
is easy to see that any type of saddle is
possible in a olume preser in field

Centers

n 2 dimensions, there is another impor
tant ind of isolated stationary point, a
center center is a stationary point in 2
dimensions for which all nearb tra ec
tories are close orbits he simplest
e ample of a center is the point ( , in
the ector field i en by V( ,y = (—y,
(uniform countercloc wise rotation

he ei en alues of the acobian matri at
a center must be wure ima inar

he con erse is not true in eneral fan
arbitrar 2 dimensional ector field has
an isolated stationary point with pure
ima inary ei en alues of the acobian, it
is not necessarily a center t could also be
a source or a sin (due to non linear terms
of its aylor series

owe er, if an area reservin ector
field has an isolated stationary point with
pure ima inary ei en alues of the aco
bian, then it must be a center (since the
only alternati es[] source or sin [ are

e cluded because they cannot preser e
area

center is important because it possesses
constraine local structural stabil
it ny ector field that
is sufficiently close (in the C sense to one
ha in a center, must also ha e a center

hus if the only ector fields that can
arise in some 2 dimensional situation
must be area preser in , then the only
isolated stationary points that can happen
are 1 saddles and 2 centers

1 e oincaré a

y the use of the oincar map, we may
reduce the topolo y of surroundin tra ec
tories to a question of understandin a
map of a smaller dis to a lar er dis

e will consider a ector field in dimen
sions he 2 dimensional case, bein sim
pler, will follow from this

Choose any point p belon in to C, and
consider any open dis whose intersec
tion with the circle C is the point p, and
which is not tan ent to the circle C at p
( n the 2 dimensional case we would use
an arc instead of a dis e may assume
that is chosen so that the ector field is
nowhere tan ent to uch a dis (or arc,
if in 2 dimensions is called a local sec
tion of the flow

y the continuity of solutions to C differ
ential equations, there must e ist a
smaller dis contained in and con
tainin p, with the followin property

otes on the opolo y of Vector Fields and Flows
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For any point q in , there is a
smallest alue of t = t(q@q > such
that followin the tra ectory of p for
time t(q results in a point q' that is
once a ain in the lar er dis (but
not necessarily in

he oincaré ma (or rstreturn
ma of the closed orbit C is the mappin
f — that ta es any point q of  to
the point q' described abo e f Visa C

ector field (as we ha e usually been
assumin ,then the oincar map fis also
continuously differentiable

his oincar map f must carry the ori i
nal point p to itself his is because f(p
must lie on , and it also lies on the closed
orbit C throu h p the intersection of C
and is {p} by assumption

Fi ure he oincar ap

m ortant fact about oincaré ma s
e ardless of the choices in ol ed in the
definition (the point p, the dis s and
, any two resultin  oincar maps of
the same closed orbit will be topolo ically

equi alent (in fact, differentiably equi a
lent

he oincar map is important because it
contains all the information about the
topolo y of tra ectories close to the closed
orbit C ( n principle, i en the oincar
map of a closed orbit, one could recon
struct the topolo ical structure of tra ecto
riesnear C ut it is simpler to thin
about a mappin between two dis s than
all that spa hetti

ince fhas a fi ed point at p, we can a ain
loo at the acobian matri , not of a ec
tor field, but of the mappin f he aco
bian of a mappin fis a ain defined as the
square matri of partial deri ati es, in
thiscase f=(0f 0 ( n order for this to
ma e sense, we need to pretend that we
ha e 1 en 2 dimensional coordinates to
the dis

m ortant fact about ei envalues
e ardless of the choice of coordinates
used for the dis , (which will affect the
acobian matri f, the ei envalues of
the matri  f will always be the same for a
1 en closed orbit

nd so once a ain we can play the ei en
alue ame nalo ous to the terminolo y
for stationary points, we call a closed orbit
erbolic if the ei en alues of flie off
t e unit circle in the comple plane

s in the case of hyperbolic stationary
points, erbolic close orbits are
locall structurall stable a small per
turbation of the ector field near a hyper
bolic closed orbit will result in a
topolo ically equi alent ector field
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An conversel if any closed orbit of an
arbitrary ector field is locally structur
ally stable, then it must be hyperbolic

( ote how this differs from hyperbolicity
for stationary points, where the ei en al
ues of the appropriate acobian matri V
need to lie off t e ima inar a is he
unit circle is the ima e of the ima inary
a is under the comple e ponential map
pin , and this reflects the e ponential
relationship between ector fields and
mappin s

nce a ain, the ei en alues are the roots
of a polynomial in this case the polyno
mial is det( f A ince fisa 2 X 2
matri , this polynomial is ust a quadratic
polynomial, with real coefficients

ence the roots are either both real, or
else comple con u ates n addition, the
product of the ei en alues must be posi
ti e, since uclidean space is orientable
( his is the dimensional ersion of the
fact that a  bius band cannot be a sub
set of the plane o if both ei en alues
are real, they must ha e the same si n

e consider the possibilities

erbolic Close orbits in 3D
( oot and oot refer tothe twoei en al
ues the numberin is of no si nificance

1 oth roots real

a oot [1>1, oot [>1
source close orbit

b oot 0 1,000t O 1

sin close orbit

¢ oot [I>1,0oot LI 1

i both roots positi e
sa le close orbit

i1 both roots ne ati e
t iste sa leclose orbit
2 Comple con u ate roots
a oth outside the unit circle
s iral source close orbit
b oth inside the unit circle
s iral sin close orbit
nd for completeness, we also mention
the rather simple classification of hyper
bolic closed orbits in 2 dimensions, where
the acobian matri isonly 1 X 1, and that
sin le element is the lone, necessarily
real, ei en alue of f

erbolic Close orbitsin D

1 oot >1
source close orbit
2 Uootl] 1

sin close orbit

ntrinsic vs trinsic o olo

opolo y is often called upon to describe a
situation where one space is sittin
inside ( embedded in another space n
this case, a distinction is made between

properties that depend only on , and
those that come about fromt e a in
ic is ositione insi e

hose properties dependin only on are
called intrinsic, and those dependin on
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the manner in which sits inside

called e trinsic

are

trinsic o olo of Close Orbits

wistin due to the embeddin

n the case of a closed orbit, we may thin
of asrepresentin a small nei hborhood
(C of the closed orbit C, and as repre
sentin  uclidean space

hether or not C is a twisted closed orbit,
the nei hborhood (C may or may not be
embedded in with twistin due solely
to the choice of embeddin his e trin
sic twistin can occur in any inte er mul
tiple of  ° twists

nottin

ny simple closed cur e in  (which any
closed orbit must be is intrinsically topo
lo ically equi alent to any other simple
closed cur e, purely as a topolo ical space

From the e trinsic point of iew, howe er,
there are many ways in which a simple
closed cur e can be embedded in WO
simple closed cur es C and C in are
considered to ha e topolo ically equi a
lent embeddin s if there is a homeomor
phism from to itself that carries C
onto C ( echnically, the situation is
sli htly more complicated than this, but
not enou h to be worth mentionin

he resultin equi alence classes are
called nott es he not type nown
as the un not is the equi alence class of

the unit circle in the y plane ny simple
closed cur einthe not type of the un not
un notte

he problem of classifyin  nots is a ery
difficult one much pro ress has been
made, but much remains to be under
stood s an e ample of the difficulty of
the sub ect, we cite one result that was
con ectured for a lon time, but pro ed
only a couple of years a o
eorem wo simple closed cur es in
are of the same not type if and only if
their complementary re ions in are
toplo ically equi alent spaces

nythin that a simple closed cur e can
doin , a closed orbit of a ector field can
potentially do as well o any not type
can occur as the not type of a closed orbit
in some ector field

C in in

ny collection of two or more dis oint sim
ple closed cur es in may e hibit lin
in , another e trinsic property in in is
really ust the enerali ation of nottin
appropriate to a finite union of simple
closed cur es

nalo ous to nottin , we define the col
lection {C , ,C } of dis oint simple closed

cur es in to be lin e wuivalent to
another such collection{ , , } ifthere
is a homeomorphism of to itself that
carries the union C [J [0 C onto the

union 0 O ( his implies that, in
fact, each C is carried onto one of the

s with nottin , an equi alence class of
lin siscalledalin t e
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ny collection of closed orbits of a ector
field is a collection of dis oint simple
closed cur es in , and as such repre
sents a lin type uch is nown, but
much remains un nown, about what lin
types can constitute the set of source
closed orbits, saddle closed orbits, and
sin closed orbits of a ector field defined
on  or a subset of

s an e ample of the intri uin state of
1 norance of this situation, we mention a
famous unsol ed problem nown as the

eifert con ecture, posed o er years
ao

e Seifert con ecture

uppose V is a non sin ular smooth (ie,
C* ector field defined on a solid torus
(anchor rin shaped re ion in Fur
ther suppose that V is pointin inward
normal on the torus boundary of

uestion  ust V necessarily ha e any
closed orbits at all

he first e amples of such a ector field
that one comes up with usually ha e a
closed orbit that oes around the hole in
the solid torus urprisin ly enou h,
there are e amples of C* ector fields sat
isfyin the premises of eiferts Con ec
ture, but whose closed orbits do not o
around the hole in n addition, the
answer is nown to be false if the differen
tiability condition is rela ed to only C or
C

A en um n late 1l the C* eifert
con ecture was found to be false when

rystyna uperber of wuburn ni er
sity announced a countere ample, which
asof archl appears correct

1 Stable anifol s

f represents a hyperbolic stationary
point or closed orbit of a ector field, there
are important topolo ical features lur in
nearby the so called stable and unstable
manifolds of

For con enience we ma e the

De nition critical element of a ec
tor field V is any stationary point or closed
orbit of V

he stable manifold is the set of all points
flowin into in positi e time the unsta
ble manifold is the set of all points flowin
into inne ati e time

f particular interest is how the stable
manifold of one critical element intersects
the unstable manifold of another, or possi
bly of itself ( t will be left to the reader to
understand why two different stable man
ifolds cannot intersect each other

Stable manifol s of erbolic sta

tionar oints

e now consider another important topo
lo ical features of any hyperbolic critical
element the stable and unstable mani
folds ssume there is a ector field V
defined on some openset in or

De nition et p be a hyperbolic sta
tionary point of the ector field V he sta
ble manifol of the point p, denoted
by (p, is the set of points whose tra ec
tories approach past — © he unstable
manifol of the point p, denoted by
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(p , is defined as the stable manifold of
p for the re ersed flow ( n other words, it
is the set of points whose tra ectories
approachpast — —o

n all cases the stable manifold of a hyper
bolic stationary point is topolo ically
equi alent toa wuclidean space his copy
of is mapped into the domain of the

ector field C (aslon as Vis and one to
one

n imensions, a source p has a
dimensional stable manifold the point p
itself f p isa saddle, then p has a
1 dimensional stable manifold, consistin
of p and the two orbits alon the ne ati e
ei endirection f p is a sin , the stable
manifold is 2 dimensional, consistin at
least of all the points sufficiently close to
p, and all the points that e entually flow
into them

n 3 imensions, a source p has a

dimensional stable manifold saddle
of type (2 out, 1 in has a 1 dimensional
stable manifold a ain it will be the point
p and the precisely two orbits alon the
ne ati e ei endirection saddle of type
(1 out, 2 in has a 2 dimensional stable
manifold (i e, it is a surface , consistin of
the point p and the tra ectories which et
arbitrarily close to the ne ati e real part
ei enplane as t — o Finally, a sin p has
a dimensional stable manifold

he term n manifol in topolo y means
a space each point of which has a nei h
borhood that is topolo ically equi alent to
an open nei hborhood in uclidean space
n brief, a manifold is a space that is
locally wuclidean of afi ed dimension n

point is a manifold cur e is a 1
manifold surface is a 2 manifold nda

manifold, if it is a subset of , is any
open subset of

s the terminolo y implies, any stable
manifold is, in fact, an n manifold for
some n he n in question, as the abo e
e amples su est, is the number of ei en

alues ha in ne ati e real part

t follows from the definition that a sta
ble or unstable manifol is invariant
un ert e action of t e o For this
reason they are sometimes collecti ely
called in ariant manifolds owe er,
since there are many other manifolds that
are in ariant under the flow, we prefer not
to use this terminolo y

Stable manifol s of erbolic close

orbits

De nitions et C be a hyperbolic
closed orbit of the ector field V he sta
ble manifol of C, denoted by (C,
is the set of points whose tra ectories
approach C as t - o ( ere the word
approach indicates simply that the dis

tance of @ ( to C ets arbitrarily small as
t ets lar e he unstable manifol of
C, denoted by  (C, is defined as the sta
ble manifold of C for the re ersed flow ( n
other words, it is the set of points whose
tra ectories approach C ast — —o0

he stable manifold of a hyperbolic closed
orbit is topolo ically equi alent to either
the ordinary or twisted product of the cir
cle and a uclidean space f the stable
manifold is 2 dimensional, for e ample,
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these are the cylinder and the bius
band, respecti ely s in the case of a sta
tionary point, these stable manifolds are
also mapped C and one to one into the
domain of the ector field

n 3 imensions, a source closed orbit C
has a 1 dimensional stable manifold wust
itself saddle closed orbit has a 2 dimen
sional stable manifold sin closed orbit
has a dimensional stable manifold

table manifolds that are 1 or 2 dimen
sional loo 1li e ordinary cur es or sur
faces, respecti ely, near their associated
closed orbit or stationary point owe er,
as they et farther away they et wound
up in the dynamics of other parts of the

ector field, such as other closed orbits or
stationary points his can cause them to
be curly beyond belief

1 ransversalit

uppose that a line lies in a plane in

n arbitrarily small perturbation of the
line or the plane or both can (and usually
will chan e this situation after the per
turbation, the line will almost certainly
intersect the plane in one point

ow suppose instead that a line intersects
a plane in ust one point n this case a
sufficiently small perturbation of the line
and or plane cannot alter this state of
affairs

uppose two manifolds and in

uclidean space  intersect at a point p

et denote the set of all ectors
tan ent to atp,fori=1,2 o su

ose t at ever vector in iste

sum of a vector in an a vector in

hen and are said to intersect
transversel att e ointp

f for ever point p in N , it is the
case that and intersect trans
ersely at p, then and are said sim
ply to intersect transversel ote that
if N is empty, then and nec

essarily intersect trans ersely

hen two manifolds of dimensions d1 and
d2 intersect trans ersely in , their

intersection is a ain a manifold f
dl d2 n,theninfact mustbe empty
therwise, will be a manifold of dimen

sionequaltodl d2 n

en t o manifol s intersect trans
versel ,t en a suf cientl small er
turbation of eac of t em ill not
c an e t is fact i e hyperbolicity,
trans ersality is a property which will not
be washed away by small errors of mea
surement

nd as in the case of hyperbolicity, if two
manifolds do not intersect trans ersely,
then they can be made to do so after an
arbitrarily small perturbation

1 e on an erin Set

For an arbitrary ector field V, we can
define the set of points that recirculate,
in a sense that can be made precise

De nition e say that a point is an

erin ife ery nei hborhood of the point,
after flowin for a sufficiently lar e
amount of time, ne er intersects itself
a ain
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recisely p is wanderin point for V if

there e ists a nei hborhood of p and
a > such that, for all t with |t| = |, we
hae@( n =01.

De nition he non an erin set
Q(V of a ector field V consists of all
points that are not wanderin

e non an erin set must be a
close set invariant un er t e action
oft e o

An critical element of a vector el
is necessaril containe in its non
an erin set

ample For any r > consider the con
stant ector field V on the unit square

< <2 <y <21, ienbyV(,y =
(1, r fwe identify opposite sides of this
square ia ( , (2T and ( ,y 2Ty,
we et a torus with a ector field on it
Finally we can fill up a solid anchor rin
in by nestin an infinite family of such
tori of re olutionl] one for each r satisfy
in r 1/200 about a core circle e
inscribe the ector field V on the torus of
small radius r hen the non wanderin
set of this ector field on is all of

eorem uppose the ector field V is
volume reservin on a boun e
omain and has no tra ectories e it

in its omain hen Q(V must be all of

S etc of roof uppose, to the con
trary, that there is some point p of and
some nei hborhood of p such that for all

lt|]= > ,weha e =0

N @l

ow, if there were two numbers s1 and s2

with s2=>s1 |, such that

¢© ( n@ ( #L0U,then by applyin

@_ to both sides of this e pression we
would obtain N @ _ # U contra
diction

hus whene er t increases by at least |,
@( must occupy a new re ion of with
equal positi e olume, which e entually
will e haust the necessarily finite olume
of [ contradiction ]

1 Structural Stabilit

f we are e er oin to be able to accu
rately describe the topolo y of a real
world ector field, then the necessarily
inaccurate numerical definition we ha e
of the ector field must not affect the
topolo y e are thus interested in ector
fields which eep their lobal topolo y
e en after a sufficiently small perturba
tion

his is e actly the consideration which led
to our 1 in prominence to hyperbolicity,
and trans ersality, e cept this is not ust
on a local scale it is on a lobal scale

De nition ector field Von is called
structurall stable if for any new ector

field V on that is sufficiently near to V
(in the C sense , there e ists a homeo
morphism - which carries the

tra ectories of V to those of V and pre
ser es their sense

n brief, a small enou h perturbation of V
results in a new ector field that is topo
lo ically equi alent to the old one

ote t mi ht be nice to be able to say
that the old and new ector fields were
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smoothly equi alent (ie, topolo ically
equi alent ia a homeomorphism that is
smooth and has smooth in erse oW
e er, smooth equi alence preser es ei en
alues at stationary points, but
ei en alues can be easily chan ed ia a
C perturbation

am le Consider the constant ector
field V( ,y =(a,b on his is structur
ally stable, as you mi ht uess

am le Consider the ector field
i en by
Viy =(-y ( y-1, y( y-1
his ector field has one sin stationary

point, and one source closed orbit t, too,
is structurally stable

19 orse Smale Vector iel s

orse male ector fields are important
because they are the simplest lar e class
of structurally stable ector fields

De nition ector field V is called
orse Smale if the followin hold
1 V has a finite number of stationary
points and closed orbits, all of which are
hyperbolic
2 he non wanderin set Q(V is the
union of the closed orbits and the station
ary points
f and each represent a closed
orbit or stationary point, then the stable
manifold ( of has trans erse
intersection with the unstable manifold
( of

eorem orse male ector fields are
structurally stable

eorem n 2 dimensions, ever struc
turally stable ector fieldis orse male

t would be con enient if this were also
the case in hi her dimensions, but alas,
this is not the case here e ist structur
ally stable ector fields in dimensions =
whose non wanderin set is the entire
domain (the so called Anosov flows

Decom osin orse Smale vector

el sinto an les

t would be rather complicated to describe
e actly how all the stationary points and
closed orbits of a orse male ector field
in n dimensions (thin of n =2 or fit
to ether wut it is a remar able fact that

orse male ector fields can be decom
posed into simple pieces, each of which
corresponds to a critical element

et denote the unit ball in  all points
at a distance of < 1 from the ori in et
denote the unit circle in all points at a
distance of e actly 1 from the ori in

For each stationary point with unstable
manifold of dimension , we will use one
buildin bloc of the form X 7 (a
handle  For each closed orbit with
unstable manifold of dimension , we will
use one buildin bloc of the form

x X ( a round handle y
ta in the union of these buildin bloc s,
which are allowed to intersect only alon
specified parts of their boundaries, we can
reconstructl] in a topolo ical sensell the
ori inal orse male ector field
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e artial or erin

Consider a orse male ector field V

, and be
uppose that
#Z [, and also
Z [0 hen it must also

Observation 1 et
critical elements of V
( N (
( N (
be true that
( N ( Z [l othereisa ind
of transiti ity operatin here

Observation uppose instead that we
ha e critical elements and of V
with  ( n #z [, and also

( N ( # U hen it must fol

low that =

ow let and be any two critical ele
ments of a orse male ector field V

hen we shall use the notation < to
mean that  ( n #z [

From the two obser ations abo e, we see
that the condition that < is a bona fide
partial orderin on the set of critical ele
ments of V

orse male ector field by
t e critical elements

escribin a
A labelin
accor in to

1 stationar oint or close orbit

imension of t e stable
manifol

3 if close orbit, et er or not

stable manifol ist iste ,an
sei in te airs 1an
for ic 1<

oes a lon way towards con eyin a ery
ood description of what the ector field
V is doin topolo ically

( ote, howe er, that there is still addi
tional topolo ical information[] o the
stable and unstable manifolds intersect
each otherl] that is not co ered in the
abo e description

e on orse Smale lo s

orse male flows are important to
understand, but they represent one
e treme of a spectrum he non wander
in set of a orse male ector field is
concentrated in a finite number of and
1 dimensional sets the stationary points
and closed orbits

t the opposite e treme are the Anosov

o s mentioned in ection 1 he non
wanderin set of an noso flow is the
entire domain of the flow nd there is a

ind of hyperbolicity which applies to this
entire non wanderin set each point has
a set of stable directions emanatin from
it, on which the flow is contractin , and
a set of unstable directions on which the
flow is e pandin

nd the concept of hyperbolicity can be
e tended to include a much wider ariety
of sets than manifolds  hen this is done
properly, the resultin flows are, li e

orse male flows, structurally stable

uch pro ress has been made, but as of
late 1 2 such so called basic sets are far
from bein completely classified

1 urt er Areas of Stu

ne fiction we ha e assumed to a oid
complications in these notes, is that the
domain of a ector field must be an open
set in uclidean space ut in fact, the
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natural domain for a ector field is an
arbitrary n dimensional manifold

n the one hand, the mathematics is usu
ally most ele ant if the domain of a ector
field is a compact manifold without bound
ary, and if the ector field is time indepen
dent (li e the ones we ha e been
considerin for most of these notes

ut in reality, domains for real world ec
tor fields are most commonly manifolds
with boundary, and ector fields found in
the real world are frequently time depen
dent

uch in the same way that the oincar
map can be used to understand the orbit
structure around a closed orbit, the
dynamics of mappin s in eneral sheds a

reat deal of li ht on the dynamics of
flows, and is well worthy of further study

Very little is nown about what ind of
dynamics real world ector fields tend to
actually ha e, for e ample in aerodynam
ics Valuable pro ress could be made by
creatin software to detect topolo ical fea
tures of real world ector fields, and
reportin on the inds of fields encoun
tered

uch pro ress could also be made by
de isin new, rou h descriptions of how a

ector field flows around, computable with
a modern computer, and which are robust
enou h to be accurate despite numerical
imprecision

e shall see
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