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Abstract

The author has written a package o ortran routines that per or a ariet o arith

etic operations an transcen enta unctionson oating point nu erso ar itrari high

precision inc u ing arge integers This package eatures irtua  uni ersa porta i
it high per or ance especia on ector superco puters a ance a gorith s
incu ing T ase u tip ication an  ua ratica  con ergent a gorith s or an
transcen enta unctions an e tensi e se checking an e ug aciities that per it
the package to e use asarigorouss ste integrit test on erting app ication progra s
to run with these routines is aci itate an auto atic trans ator progra

This paper escri es the routines in the package an incu es iscussion o the a go
rith se poe thei pe entation techni ues per or ance resuts an so e app ica
tions  ota e a ong the per or ance resu ts is that this package runs up to ti es
aster than another wi e wuse package on a workstation an it runs up to
ti es aster than the other package on a ra superco puter

The author is with the ppie  esearch ranch es esearch enter
o ett 1ie al



A cat s t rcs tat
ne uestion that is a wa s raise in iscussions o  u tiprecision co putation is what
app ications usti such a aciit n act anu ero appications so eo the entire
practica ha e sur ace in recent ears
ne i portant area o app ications is in pure athe atics hieso esti ispute
whether a co puter ca cu ation can e the asiso a or a athe atica proo certain
co putations can e use toe p orecon ectures an re ect those that are not soun uch
co putations can thus sa e pure athe aticians a great ea o ti e a owing the
not to waste ti e searching or proos o ase notions  n the other han it wust e
acknow e ge thati a con ectureiscon r e co putation to er high precision then
its ai it ise tre e ike ne can e en ask whichis ore r esta ishe a theore
whose ength proo has eenrea on two or three peop e in the wor  or a con ecture
that has een in epen ent con r e anu ero high precision co putations
o e particu ar nice app ications o high precision co putation to pure athe atics
incu ethe isproo o the ertens con ecture ko an te iee
the isproo o the ernstein con ecture in appro i ation theor arga an  arpenter
an the reso ution o the one ninth con ecture nu er o other e a peso
u tiprecision app ications in ana sis appro i ation theor an nu erica ana sis are
aso escrl e in
ne area in which u tiprecision co putations are especia  use u is the stu o
athe atica constants ore a pe athough wuersconstant is eie e to e tran
scen enta it has not een pro en that is e en irrationa There is si 1 ar ignorance
regar ing other c assica constants such as og an an aso regar ing so e
constants that ha e arisen in twentieth centur athe atics such as the eigen au
constant an the ernstein constant
owe er in ost o these cases a gorith s are known that per it these nu ers to
e co pute to high precision hen this is one the h pothesis o whether a constant
satis es so e reasona si pe oOw egree po no la can e teste co puting
the ector an then app ing one o the recent  isco ere integer
re ation n ing a gorith s uch a gorith s when appie toan ong ector
eter ine whether there e ist integers  such that Thus i a co putation
n s such a set o integers  these integers are the coe cientso a po no ia satis e
en i no such re ation is oun these a gorith s aso pro uce oun s within which
no re ation can e ist which resu ts are o interest the se es  ear such ana siscan
e app ie to an constant that can e co pute to su cient high precision

The author has peror e so e co putations o this t pe an others are in
progress o e recent resuts incu e the o owing 1  satis es an integer po no ia
o egree or ess then the wuci ean nor o the coe cients ust e cee
1 eigen au s constant satis es an integer po no ia o egree or ess then the

uci ean nor o the coe cients uste cee This ast resut is ase on oint
work with riggs o the ni ersit o e ournein ustraia

o putations o thissort ha easo eenappie tostu a certain con ecture regar ing



the unction tis we known that

These resu ts ha e e so e to suggest that

ight aso e asi perationa or age raic nu er  nortunate the author an
riggs ha e esta ishe that i satis es a po no ia o egree or ess then the
uci ean nor o the coe cients uste cee
n one case the author working in con unction with erguson o taine the
o owing positi eresut thethir i urcation point o the chaotic iteration
na e the constant satis es the po no ia
n this case it can e pro en
air easi that this constant ust e a ge raic The act that it satis esa po no ia o
on  egree isso ething o a surprise
ne o the o est app ications o u tiprecision co putation is to e p ore the perp e
ing uestion o whether the eci a e pansions or the e pansions in an other ra i o
c assica constants such as ~ etc areran o inso e sense ost an reasona e
notion o ran o ness cou e use here incu ing the propert that e er igit occurs
with 1 iting re uenc or the stronger propert that e er ong string o igits
occurs with 1 iting re uenc This con ecture is eie e toho ora er wie
range o athe atica constants incu ing a irrationa a ge raic nu ers an the tran
scen entas an a ong others ts eri cation or a certain c ass o constants wou
potentia  ha e the practica app ication o pro i ing researchers with pro a  reia e
pseu oran o nu er generators  n ortunate howe er this con ecture has not een
pro enin e en a sing e instance a ong the c assica constants o athe atics Thus there
is continuing interest in co putations o certain constants to er high precision in or er
to see 1 there are an statistica ano aies in the resu ts The co putation o  has een
o particu ar interest in this regar an recent the one 1 ion igit ark was passe
oth ana a an the hu no sk s an the hu no sk s ha e orerecent
e ten e their ca cuation to e on two 1 ion igits tatistica ana ses o these
resu ts ha e so ar not ie e an statistica ano aies see ore a pe
ne inent practica app ication o  u tiprecision co putation is the e erging e
o pu ic ke cr ptograph in particu ar research on the 1 est ha ir e an



cr ptos ste This cr ptos ste reies on the e ponentiation o a arge integer
to a arge integer power o uo a thir arge integer The cr ptos ste has aso
spawne a great ea o research into a ance agorith s or actoring arge integers

since the s ste can e roken 1 onecan actorthe o uus The osti pressi e
resu t in this area so ar is the recent actori ation o the ninth er atnu er an
integer with igits which was acco p ishe eans o nu erous co puter s ste s

co  unicating eectronic ai This co putatione po e anew actoring a gorith
known as the nu er e sie e

n in irect app ication o  u tiprecision co putation is the integrit testing o co
puters ste s  uni ue eatureo u tiprecisionco putationsisthat the aree cee ing
un orgi ing o har ware or co piererror Thisis ecausei e en a sing e co putationa
error occurs theresut wi a ostcertain  eco pete incorrecta ter a possi correct
initia section n an other scienti cco putations a har ware error in particu ar ight
si p retar the con ergence to the correct so ution

oton  othe na resu tsconstitute an integrit test ut there arese era consistenc
checks that can e per or e in the course o a u tiprecision co putation ne o these

eri es to the act that when per or ing u tiprecision u tip ication using a co pe

ast ourier trans or T the na in erse T resutsshou e uite c ose to integer
a ues an resut e cee s ano ina istance ro an integer aue a har ware error
has ike occurre etal s are gi en in section
The author s e perience using current an prior ersions o this package has con r e
this princip e ste s in which har ware or so tware errors ha e een isc ose the
author s routines inc u e the o owing the ra the ra the ra the
the T the the 1iicon raphics ersona the un
an the nte 1 This ist incu es irtua a o the co puters ste s that the
author has worke with in the ast ew ears ortunate ost o these pro e s ha e

su se uent een recti e

A ar s t t r t rcs st s
e era so tware packages are a aia e or u tiprecision co putation  ne that has
een aroun or a whi e is the rent u tiprecision package authore rent
This package has the a antage o eing ree a aia e either ro the author or
ro  arious other sources tis er co pete incu ing etaie nu erica contros an
an specia unctions ecent ith escri € a si 1ar package that eatures
1 pro e peror ance or certain transcen enta unctions
nother package a ai a e at so esitesis which was origina e e ope
at T wutisnow istri ute oics nc isactua  aco petes
oic athe atics package an its u tiprecision arith etic capa 1it is on one part
newer package o this sort is athe atica istri ute o ra esearch nc
t eatures support o 1 pressi € u co or graphics or owners o a ance workstations
Theree istanu ero other u tiprecisions ste sin usethat arespeci ca targete
or a particu ar co puter s ste or or specia app ications package or arge integer



co putation with a ocus on the ra is escri e in ith the u tiprecision
co putation too s current a aia e so e a uestion thenee or et another n this
regar the author has atte pte toco ineso eo the ore aua e eatureso e isting
packages with a high per or ance esign The resu ting package o ortran routines an
unctions is known as
irst o a ike rents package the author s package is ree a aia e
whereas the co  ercia pro uctst pica ha e het price tags an annua  aintenance
ees econ runs irtua  without change on an scienti c¢co puter whereas
ost o the others re uire signi cant custo 1 ation ro s ste tos ste s aresut
an app ication written to ca the author s routines on a workstation or e en on a persona
co puter can e e ortess porte toa orepoweru s ste such as a superco puter
or e ten e co putations
ne ke eature o the package is that it was written with a ector superco
puter or oating point co puter in in ro the eginning irtua a inner
oops are ectori a ean e po oating point operations which ha e the highest per or
ance on superco puters s aresut e hi its e ce ent per or ance on these
s ste s oneo the other wi e a aia e packages to the author s know e ge e hi its
respecta e per or ance on superco puters such as ra s so the package a oi s con
structs that inhi it u tip e processor co putation saresut itcaneasi e o1 e
toe po  utitasking so tware
nother istinguishing eature o the package is its usage o a ance a
gorith s or an wunctions oth a asic an an a ance routine are pro i e
The a ance routinese po a ance agorith san e hi it superior per or ance or
e tra high precision 1e a o e a out igit cacuations ore a pe ana ance
u tip ication routine is a aia e that e po sa ast ourier trans or T an rou
tines i pe enting ua ratica con ergent a gorith s ore p og cos an sin are a so
pro i e
ina  usage o this package is great  aci itate the e istence o an auto atic
trans ation progra  which accepts as input a stan ar  ortran  progra to which has
een a e certain specia co  entsthat ec arethe esire e e o precision an ec are
certain aria esin each progra unitto e treate as u tiprecision This trans ator then
parses the input co e an generates a progra that has a o the ca s to the appropriate
routines This trans ator progra 1is escri e in a separate paper a aia e ro
the author

r t ac a
The package consists o appro i ate ines o ortran co e organi e
into  su progra s These routines operate on three custo ata t pes  u tiprecision
nu ers utiprecisionco pe nu ersan ou e precision p use ponent
nu ers
nu er is represente a sing e precision oating point arra  The sign o

the rst wor is the sign o the nu er The agnitu e o the rst wor is the



nu er o antissa wor s The secon wor o the arra contains the e ponent
which represents the power o thera i which is either or ra s ste sor
or ostothers ste s incu ings ste s ase on the stan ar
or s eginning with the thir wor in the arra contain the antissa  antissa wor s
are oating point whoe nu ers etween an one essthan the ra i or nu  ers
with ero e ponent the eci a point is assu e ater the rst antissa wor or
e a pe the nu er is represente the three ong arra
ero is represente the two ong arra
su cient e or isaaia e the ai u precision e e or nu ersis ap
pro i ate i ion igits The 1 iting actor or this precision e e is the accurac
o cacu ations in the T ase  u tipication routine e on a certain e e roun ing
the ou e precision resuts o the na T to nearest integer is no onger reia e see
section eow The ai u na icrange o nu ersisa out
nu eris represente as two consecuti e nu ers which are the rea an
1 aginar parts o the co pe nu er nu eris a pair where is a
ou e precision sca ar an is an integer t represents These nu  ers
are use u in u tip e precision app ications to represent nu  ers that o not re uire high
precision ut a ha e arge e ponent ranges ero is enote the pair

This ecision to ase the package on oating point ata eri es ro the act that
oating point per or ance is eco ing the principa e phasis on a ost a a ance
scienti ¢ co puters ro workstations to high en superco puters This is particu ar
true on ra s ste s where the har ware instruction sets o not e en incu e it
integer u tip ication or 1 ision instructions such operations ust e peror e
rst con erting the argu ents to oating an then  using the oating point unctiona
units asing on oating point operations has the a itiona ene t that it
per its irtua uni ersa porta iit in the resu ting progra co e
There is one a itiona reason that thei pe entationis ase on oating point arith
etic an that the package a appear to eopti 1 e ors ste s ase on ector or
processors This is ecause e cept or e tre e high e es o precision ie tens
o thousan s or 1 ions o igits there is not a great ea o ow e e para eis in
u tiprecision ca cu ations Thus e cept or o est ength ectors at the ase e e u
tiprecision app ications nee to e para ei e at a higher e e orea pe 1 oneis
per or ing co putations with a atri o  u tiprecision nu ers it is ike that para
eis can ee poite atthe e e o rowsorcou nso the atri This suggests that the
pre erre architecture or the para e processing o  u tiprecision app ications is a
arra o ector or processors Thus this co e was thus written with such a co puter
o e in 1in
routines are a ai a e to per or the our asic arith etic operations etween
nu ers to co pare nu ers to pro uce the integer an ractiona parts to
pro uce a ran o nu er an to per or inar to eci a an eci a to inar
con ersion ther routines per or operations etween nu ers or etween



an nu ers which sa es ti e co pare with per or ing these operations with
the u routines o e higher e e routines sort nu ers peror co pe
arith etic co putes uare roots cu eroots th powers th roots an e a uate the
unctions e p og cos sin cosh sinh in erse cos an sin n the rea or co pe roots
o po no ias an 1 integer re ations in rea ectors or an o these unctions
oth asican a ance ersions are a aila e The a ance routinese po a ance
a gorith s suita e or e tra high precision co putation
o putations on arge integers can e e cient peror e using this package  set
ting the working precision e e two or three wor s higher than the argest integer that wi
e encountere inc u ing pro ucts These e tra wor s o precision per it accurate inte
ger 1 isionto eperor e usinga utiprecision oating point 1 ision routine o owe
a ca to the routine that pro uces the integer an ractiona parts o an nu er
There is no waste co putation when the actua si e o an integer argu entis uch ess
than working precision e e since the routines on  per or arith etic on the
actua si es o input ata

rtab t a st
s entione earier one istinguishing eature o the package is its porta
11t The stan ar  ersion o shou run correct without a teration on an

co puter with a ortran  co pier that satis es the o owing re uire ents

The oating point arith etic has a inar or he a eci a ra i
The truncation o a ou e precision a ue not e cee ing is correct

The eci a to inar con ersion o a ou e precision constant which is either a
power o two not e cee ing or the raction is e act

The a ition su traction u tip ication truncate i ision an e ponentiation o
integer aria es or constants where the argu ents an resuts o not e cee in
a soute aue pro uce e act resu ts

ntegers up to are represente e act as sing e precision oating point nu  ers
The a ition su traction an u tip ication o ou e precision aria es or con
stants where the argu ents an resuts are whoe nu ers not e cee ing in

a so ute aue pro uce e act resu ts

The resu ts o an with ou e precision
argu ents are correct to within one part in pro i e the argu ents are o
reasona e si e an not c ose to singu arities

The author is not aware o an serious scienti cco puters ste inuseto a that ais
to eet these re uire ents n s ste  ase on the oating point stan ar
with a it antissa in sing e precision an a it antissain ou e precision an



its incu ing the hi en it easi eets these re uire ents s ste s

eet these re uire ents ain ra es an workstations eet these re uire ents
ra s ste s eet these re uire ents with ou e precision isa e 1ie using on
sing e precision pro i e that thenu er in ite isre uce to an thenu er
in ite is re uce to

To insure that these routines are working correct  a test suiteisa aia e te ercises
irtua  a o theroutines in the package an checks the resu ts This test progra is use u
in its own right as a co puter s ste integrit test s entione in the intro uction
ersions o this progra ha eon nu erous occasions isc ose har ware an so tware ugs
in scienti ¢ co puter s ste s

r ascArt tc rat s
u tiprecision a ition an su traction are not co putationa e pensi e co pare
to utipication 1 ision an s uare root e traction Thus si pe agorith ssu ceto
peror a ition an su traction The on part o these operations that is not i e
iate con uci e to ector processing is re easing the carries or the na resut This is
ecause the nor a schoo o approach o eginning at the ast ce an working orwar
isarecursi e ie non ectori a e operation mna ectorco puterthisis etter one
starting at the eginning an re easing the carr on one ce  ack or each ce processe
n ortunate it cannot e guarantee that one app ication o this process wi re ease a
carries Thus it is necessar to repeat this operation unti a carries ha e een re ease
usua on oneor two a itiona ti es n the rare cases where three app ications o this
operation are not success u in re easing a carries the authors progra resorts to the
sca ar schoo o etho n sca ar or co puters on the schoo o sche e
is use
ke co ponento ahigh per or ance u tiprecisionarith etics ste isthe utip
operation since in rea app ications t pica  asigni cant raction o the tota ti eis spent
here The authors asic utip routine which is use or o est e es o precision
e po sacon entiona schoo o sche e athough care has een taken toinsure that the

operations are ectori a e  signi cant sa ingis achie e not re easing the carries a ter
each ector utip operation utinstea waiting unti such ector wutip operations
ha e een co p ete on ra s n a itiona sa ing is achie e co puting on

the rst ha o the wutipication p ra 1
The schoo o sche e or utiprecision u tip ication has co putationa co pe it
proportiona to where is the nu ero wor s or igits or higher precision e es
other oresophisticate techni uesha e asigni cant a antage withco pe it as owas
og og og The histor o the e eop ento a ance  utiprecision u tip ication
agorith s wi not e re iewe here The intereste rea er is re erre to nuth
ecause o the 1 cut o 1 pe enting these a ance sche es an the wi esprea
isconception that these a gorith s are not suita e or practica app ication the are
rare € po e ore a pe noneo thewi e wuse  utiprecision packagese p o san
a ance u tip ication a gorith  to the author s know e ge  ne instance where an



a ance u tip ication techni ue was e po e is nother is  owinski s searches
or arge ersenne pri enu  ers
The author has i pe ente anu er o these sche es incu ing ariations o the

aratsu a inogra a gorith an sche es ase onthe iscrete ourier trans or T
in arious nu er e s ase on per or ance stu ies o thesei pe entations the
author has oun that a sche e ase onco pe Ts appears to e the oste ecti e
an e clent or o ern scienti ¢ co puters ste s Theco pe T an the in erse
co pe T o the se uence are gi en

et enote the circu ar con o ution o the se uences an
where the su script is to e interprete as 1 is negati e Then the

con o ution theore or iscrete se uences states that

or e presse another wa

This resu t is app ica eto u tiprecision u tip icationin the o owingwa et an

e ong representations o two u tiprecision nu ers without the sign or e ponent
wor s ten an to ength appen ing eroes at the en o each Then
the u tiprecision pro uct o an e cept or re easing the carries can e written as
0 OWS



t can now e seen that this u tip ication p ra i is precise the con o ution o the

two se uences an where n other wor s the utipication p ra 1 can
e o taine per or ing two orwar Ts one ectorco pe utipication an one
in erse T each o ength nce the in erse T resuts ha e een a uste to
the nearest integer to co pensate or an nu erica error the na  u tiprecision pro uct
a eo taine ere re easing the carries as escri e a o e

The co putationa sa ings arises ro the act that co pe Ts a o course e
econo ica co pute wusing so e ariation o the ast ourier trans or T ago
rith The particu ar T agorith utii e or the a ance u tip ication
routine is escri e in t was rst propose war trau er an isso eti esca e
the tockha Transpose tockha T This a gorith  eatures reasona  high per

or anceon ostco puters incu ing ectoran cache e or s ste s an it can easi
e o 1e or utipeprocessor co putationi esire or thei pe entation in this
package 1 erent techni uesaree po e orthe atri transposition step epen ing on
the co puters ste an thesi eo thearra  ince in this app ication the two inputs an
the na output o the con o ution are pure rea an agorith ise po e that con erts
the pro e o co putingthe T onrea atatothato co putingthe Tonco pe

ata o ha thesi e This resutsin a co putationa sa ings o appro i ate percent
ne i portant etai has een o itte ro thea o e iscussion ince thera i o

nu ers is either or the pro ucts a eas arge as an the

su o a argenu ero these pro ucts cannot e represente e act asa it oating

point aue no atter how it is co pute  n particu ar the nearest integer operation at
the co petion o the na in erse T cannot reia  reco er the e act u tip ication
p ra i resut or this reason each input ata wor 1is sp it into two wor s upon entr
tothe T ase utip routine This per itsco putations o up to appro i ate
1 ion igits to e peror e correct

ncu e inthea ance utip routine athoughnor a co  ente out isso e
co e that eter ines the a i u T roun o error ie the ai u 1 erence
etween the na T resu ts an the nearest integer a ues an testsi it is greater than
a certainreia e e e Thisco ecan e use as as ste integrit test since or o est
e eso precision the a i u T roun o error shou earathers a nu er an
an e cessi e a ue in icates that a har ware or co pi er error has occurre

The 1 isiono two nu erso o estprecisionisper or e usinga air straight
orwar sche e Tria uotients are co pute in ou e precision This guarantees that
the tria uotient is irtua a wa s correct n those rare cases where one or ore wor s
o the wuotient are incorrect the resut is auto atica e 1in a c eanup routine at no
e tra co putationa cost

n the a ance 1 ision routine the uotient o an  isco pute as o ows irst
the o owing ewton aphson iterationise po e which con erges to

where the u ip ication isperor e withon ha o thenor a e e o precision



The na iteration is peror e as o ows

where the u tip ications an are peror e with on ha o the na e e
o precision ote that each iteration o this a gorith in o eson an a ition an
a su traction pus two utipications which can e peror e wusing the T ase

techni ue entione a o e
gorith s ase on ewton iterations ha e the esira e propert that the are in

herent se correcting Thus these ewton iterations can e per or e with a precision
e e that ou es with each iteration ne 1 cut with this proce ure is that errors can
accu u ate in the trai ing antissa wor s This error can e econo ica contro e
repeating the ne t to ast iteration This increases therunti e on a out  percent
an et the resu t is accurate to a e cept possi the ast two wor s

t can easi e seen that the tota cost o co puting a reciproca this  eans is
a out twice the cost o the na iteration The tota cost o a u tiprecision 1 ision is
on a out our ti es the cost o a utiprecision u tip ication operation o e ui aent
si e

t rA brac rat s
o pe utiprecision u tipication is per or e using the i entit

ote that this or uacan ei pe ente usingon three u tiprecision u tip ications
whereas the straight orwar or uare uires our o pe 1 ision is peror e using
the 1 entit

where the co pe pro uct in the nu erator is e auate as a o e  ince 1 ision is
signi cant ore e pensi e than wu tip ication the two rea 1 isions or inari re uire
in this or ua are rep ace with a reciproca co putation o 0 owe two
u tip ications Thea ance routines orco pe utipicationan 1 isionutii ethese
sa e or uas utthe ca thea ance routines orrea u tipication an 1 ision
The genera sche e escri e in the ast section to peror i ision ewton iter
ations is asoe po e toe auateanu ero other age raic operations ore a pe
s uare roots are co pute e po ingthe o owing ewton iteration which con erges

to

where the uip ication is peror e withon ha o thenor a e e o precision
The na iteration is peror e as o ows



where the u tip ications an are peror e¢ with on ha o the na ee o
precision
s with 1 ision these iterations are per or e with a precision e e that appro i
ate  ou es with each iteration The asic s uare root routine co putes each iteration
to one wor ore than a power o two s aresut errors o not accu u ate er uch
an it su ces to repeat the thir ro the ast iteration to insure u accurac in the na
resut Thea e costo repeating this iteration is negigi e
The a ance s uare root routine cannot co pute each iteration to one greater than
a power o two wor s since the e es o precision are restricte to e act powers o two
the T ase utip proce ure Thus the a ance routine repeats the ne t to
ast iteration s in thea ance 1 1 eroutine repeating the ne t to ast iteration a s
a out percent to the run ti e
The co pe s uare root o can e co pute app ing the or u as

where the  sign is taken to e the sa e as the sign o
u e roots are co pute the o owing ewton iteration which con erges to

The na iteration or the cu e root correspon ing to the na iteration or the s uare
root is the o owing

ncu e in the package are asic an a ance routinesto co pute the th
power o u tiprecisionrea an co pe nu ers These operations are per or e using
the inar rue or e ponentiation hen is negati e the reciproca is taken o the
na resut
ong with the th power routines are two  th root routines  hen the argu ent
is er coseto one an is arge the th root is co pute wusing a ino ia e pansion

therwise it is co pute using the o owing ewton iteration which con erges to

The reciproca o the na appro i ation to is the th root These iterations are
peror e with a na icprecision e e as e ore

The package inc u es our routines or co puting roots o po no ias There
isa asican ana ance routine orco putingrea rootso rea po no iasan co pe



roots o co pe po no ias et eapo no ia an et e the eri ati e
0 et e a starting a ue that is c ose to the esire root These routines then
e po the o owing ewton iteration which con erges irect to the root

These iterations are co pute witha na icprecision e e sche esi i arto the routines
escri e a o e

nere uire ent or this etho to work isthat the esire root is not a repeate root

one wishes to app these routines to n a repeate root it is rst necessar to re uce

the po no ia to one that has on si peroots This can e one per or ing the

uci ean a gorith in the ring o po no iasto eter inethe greatest co on 1 isor

o an Then is a po no ia that hason si pe
roots

n the intro uction the usage o integer re ation n ing a gorith s was entione in
e p oring the transcen ence o certain athe atica constants The author has teste
two recent  isco ere a gorith s or this purpose the s a integer re ation a gorith
in which wi e ter e the routine ro the initias o the authors an the
partia su o s uares a gorith o erguson hi e each has its
erits the author has oun that the routine is genera  aster Thus it has een
i pe ente in or those rea ers intereste in the a gorith  a routine
1 pe entingitisasoa aia e ro the author
ince oth the an a gorith s are uite co picate neither wi e pre
sente here ntereste rea ers are re erre to the respecti e papers

t

The co putation o to high precision has a ong an coor u histor ntereste
rea ers are re erre  to or iscussion o the c assica histor o co puting ecent a
nu ero a ance agorith sha e een isco ere ortheco putationo that eature
er high rates o con ergence The 1rst o these was isco ere in epen ent

aa in an  rent an 1is re erre to as either the aa in rent a gorith
or the auss egen re agorith  since the athe atica asis o this a gorith has its
roots in the nineteenth centur This a gorith e hi its ua ratic con ergence ie each
iteration appro 1 ate the nu  er o correct igits u se uent the orweins
ha e isco ere acasso agorith sthate hi it thor er con ergence or an

The author has teste anu  ero thesea gorith s urprising a though the orwein
a gorith se hi it higher rates o con ergence the o era runti eisgenera co para e
to that o the aa in rent a gorith ince the aa in rent agorith issi per it
was chosen ori pe entation in t a estate as o ows et

~an B Then iterate the o owing operations eginning with



Then con erges ua ratica  to n ortunate this a gorith 1is
not se correcting ike a gorith s ase on ewton iterations Thus a iterations ust e
one with at east the precision e e esire or the na resut

ra sc ta ct s
The asic routine ore pe po sa o i cationo the Ta or s series or

where og an where s chosen to 1ini i ethe a soute aue
0 The e ponentiation in this or ua is peror e repeate s uaring e ucing
0o uo og an 11 ing insures that which signi cant

acce erates con ergence in the a o e series
The asic routine or og e po sthe o owing ewton iteration which con erges to

og
ep
ep
The run ti e o the asic og routine is on a out ti es that o the e p routine
The a ance routine or og e po s a ua ratica con ergent a gorith ue to
aa In as escri e in nputs that are e tre e coseto are han e wusing a
Ta or series  therwise et ethenu ero itso precision re uire in the resut
is e act two seect Then the o owing or ua gi es og to the re uire
precision
og
ere is the 1 it o the arith etic geo etric ean et an Then
iterate
or other seect such that Then the o owing or uagi es og to
the re uire precision
og - og

The a ance routine ore pe po sthe o owing ewton iteration which con erges
to

0g



t ight e entione that ua ratica con ergent a gorith s ore p an og were
rst presente rent in an others were presente in  the orweinsin ase
on the author s co parisons howe er the aa in agorith is signi cant aster than
either the rent or the orwein a gorith or this reason the aa in agorith was

se ecte or inc usion in this package
The asic routine or sin an cos utii es the Ta or s series or sin

sin - - =
where an the integers an  are chosen to ini i ethe a so ute
aueo e can then co pute
sin sin
cos cos
app ing ee entar trigono etrici entities or su s The sin an cos o are o
the or e ucing in this anner insures that

which signi cant acce erates con ergence in the a o e series

The a ance routines or cos an sin an or in erse cos an in erse sin e po
co pe arith etic ersions o the a ance agorith s escri e a oe ore pan og
reca that cos sin

Acc rac s ts
ost o the asic routines an the a ance u tip ication routine are esigne to
pro uce resu ts correct to the ast wor o working precision n the case o the transcen
enta unctions the ast wor shou e accurate pro i e the input aues an og
ha e een co pute to at east one wor o precision greater than the working precision
en so an entire wor can easi e ostin an ca cuations uetonor ai ation such
as when the reciproca o anu ersight essthan oneisco pute Thusco putations
shou awa s eperor e withat east one e tra wor o precision than re uire or the
na resu ts
or the a ance routines other than u tip ication the ast two to our wor s are
not reia e as e paine in the pre ious sections or e a pe the ratio o two integers
co pute using the a ance 1 ision routine the rst o which is an e act wutipeo
the secon a not gi e the correct integer resut This situation shou e a 1iiar to
users o ra co puters which a so uses ewton iterations to ca cu ate reciproca s ost
ano aies o thissort can ere e ie a inga u toresuts
The accurac o resuts ro the routines can a so e contro e setting a
roun ing o e para eter epen ing on the aue o this para eter resuts are either
truncate at the ast antissa wor o working precision or e se the ast wor is roun e
up epen ing on contents o the rst o itte wor
hiche er routines an roun ing o e are use it is not eas to eter ine ahea o
ti e what e e o precision is necessar to pro uce resu ts accurate to a esire to erance



so espite sa eguar s an testing a package o this sort cannot e warrante to e ree
ro  ugs itiona  co pieran har ware errors o occur an it is not certain that
the wi e etecte the package Thus the o owing proce ure is reco  en e to
increase one s con ence in co pute resu ts

tart with a working ou e precision progra  an then check that the porte
u tiprecision co e up icatesinter e iatean na resu tsto areasona e accurac

here possi e use the porte u tiprecision co e to co pute specia a ues that
can e co pare with other pu ishe high precision a ues

epeat the ca cu ation with the roun ing o e para eter change in or er to test
the sensiti it o the ca cu ation to nu erica error ternati e repeat the ca cu
ation with the precision e e set to a higher e e

epeat the ca cu ation on another co puters ste inor er tocerti that no har
ware or co pi er error has occurre

S t ac a
etai e instructions an other in or ation regar ing the usage o the package
a e oun in the appen i to this paper The appen i aso contains a co p ete ist
o the routines together with ca ing se uences an other in or ation
owe er as entione a o e the author has recent e eope a trans ator progra
that con erts or inar  ortran progra s to co e that ca s the routines
using the trans ator the user oes not nee to know etais o the operation o or ca ing
se uences or the routines  or an app ications this con erte progra is
entire satis actor an the per or ance is not signi cant i erent ro  han co e
e orts ie anua  written progra s that ca the routines accor ing to the
instructions in the appen i
This trans ation progra a ows one to e ten the ortran anguage with the ata
t pes an These atat pescan e use
or integer oating point or co pe nu ers o an ar itrari high ut pre speci e
e e o precision aria es in the input progra a e ecare to ha e one o these
u tiprecision t pes in the output progra p acing irecti es specia co  ents in the
input e nthis wa theinput ere ainsan ortran  co pati eprogra an
can erun at an ti e using or inar arith eticon an ortran s ste or co parison
with the u tiprecision e ui a ent
This trans ator supports a arge nu  ero ortran  constructs in o ing u tipreci
sion aria es incu ing a the stan ar arith etic operators 1 e 0 e e pressions
auto atict pecon ersions co parisons ogica state ents incu ing T
constructs  unction ca s rea write state ents an ost o the ortran intrinsics ie
etc torage is auto atica a ocate or utiprecision ari
a es incu ing te poraries an the re uire initiai ation or the package is
auto atica peror e



o pete etaiso this trans ator progra a e oun in

r r ac

ne app ication o a package such as istore e 1 cutnu erica pro e s
that so eti es arise in con entiona scienti c progra s n these cases a precision e e
perhaps ou e or trip e that o or inar achine precision is a that is re uire ne

ight won er how wuch onger such a progra is ike to run using ca s to

sing the trans ator progra entione in the pre ious section the author has con
erte to u tiprecision a progra that a ong other things co putes ast ourier trans
or s Ts The precision e e was igits na iicon raphics workstation
the u tiprecision co e ran ti ess ower than the sa e progra with or inar ou e
precision it arith etic Thus whi e such runs are in ee possi e the arenot to e
consi ere ight The ain reason this ratio is so high is that uch o the co putationa
e ort at this precision e e is ere the o erhea o aking nu erous su routine ca s
The author has not atte pte to con ert this progra to u tiprecision using another

package ut ti ing ratios e en higher than ha e een reporte other researchers
who ha e atte pte such con ersions

nother app ication o a package such as is or pro e s where the precision
e e re uire is uch higher than that which can e o taine through or inar  achine

arith etic perhaps hun re s or e en thousan s o igits uch app ications arise ost
o ten in nu erica stu ies o  athe atica wuestions n such cases the o inant co
putationa cost is not ere su routine ca ing o erhea an a gorith ic actors eco e
ore signi cant
ne wa toco parethe per or anceo the author s package with other u tiprecision
packages is to co pare ti ings or the co putation o a athe atica constant such as
to high precision since this is easi progra e an et e ercises a o the asic

arith etic routines Ta es an gi e so e peror ance resuts on this pro e or

the package the athe atica package an  rent s package The a gorith
use athe atica is not entione in the athe atica re erence ook ut it
is a ost certain either the aa in rent agorith or one o the orwein a gorith s

The a gorith  use rent s package or co puting isthe aa in rent a gorith

asica thesa e as escri e in section
The ti ings in Ta e are or a iicon raphics o e workstation
one processor which has a theoretica peak per or ance o op s an a inpack
per or ance o op s ou e precision gures The ti ingsin Ta e are or a
ra superco puter one processor which has a theoretica peak per or ance o
op s an a inpack per or ance o op s hen these runs were a e the
s ste  was running s ste sotware an the ra was running

ank in the ta e in icates that the run wou ha e taken an unreasona e a ount
o ti ean was not peror e Thenu erso igitsin the secon cou n o the two
ta es correspon to an respecti €  which are the si es con enient
orthe T ase  utipication sche e escri e a o e



n the s ste issight asterthan athe aticaan rough ourti es
as ast as rent s package or o estprecision e es ncethe e e o precisionrisesa o e
igits has a consi era ea antage ue ain toits T ase utip
routine  t igit precision the highest e e at which a three cou e co pare
the package is e ti es aster than athe atica an ti es aster than
rent s package
n the ra the package is three ti es aster than rent s package at
the owest precision e e an ti es aster at igits precision the highest e e
at which oth cou  eco pare Two reasons this ratio is so high on the ra are
the routines e p o oating point arith etic whereas rent s package uses
integer operations an a high percentage o operations in the routines are
peror e in ector o e whereas ucho the co putationin rent s packageis onein
scaar o e tthe highest precision e e iste the is running the author s co e
at op s or o the one processor peak rate
ince rent s package an athe atica are perhaps the ost wi e wuse packages
o this sort other authors t pica co pare their per or ance gures with one o these
orea pe ith co pares his package with rents ince ith s ti ings or
un a enta a an u tip operations are rough co para eto rents it wou e
e pecte that wou e hi it si 1ar peror ance ratios with  ith s package
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A sa str ¢t s
The routines are iste together with a rie wunctiona escription in Ta es
an ote that no routines are pro i e or a soute a ue or negation since these
operations a e peror e ere taking a so ute aueo or negating the rst wor
o the sing e precision ector representing an nu er eore ca ing an o these
routines so e integer para eters in co on ock shou eset nor er the
are an The are e ne as o ows

isthe ai u nu ero antissa wor s This shou e set the user in
the ain ca ing progra to where  isthe esire a1 u precision
e e in igits on ras o eroutines a ter this para eter ut restore
it prior to e iting eau't ie a out igits

isa e ug agan or inari shou e set to ero etting to an integer

etween an pro uces e ug printouts in ar ing egrees o etai ro the

su routines o this package aues o etween an  are a ala € Or use as
e ug ags in the user s ca ing progra 1 esire eaut

is the ogica unit nu er or output o e ug an error essages eaut

is an error ag an shou initia e set to ero tisset to non ero a ues
the routines when an error con ition is etecte

is the crosso er point or the a ance routines 1 an a ance routine is
ca e with a precision e e that is or ess the a ance routine ere
ca s the asic routine e au't

contro s the roun ing o e when the ast wor 1is truncate ie
the sa e co pare with higher precision when the ast antissa wor is
roun e up i the rst o itte wor is ha thera i or ore when the

ast antissa wor isrtoun e upi the rst o itte wor isnon ero eaut

is the current sing e precision scratch space stack pointer an shou initia e
set to one
is the current high water ark o an shou e initia set to one

isthe a i u singe precision scratch space a aia e eaut

o on ock contains so e para eters re ate to thera i  These incu e

the ra 1 itse an the nu ero itsin thera i These para eters are set
in the ock atasu progra an shou not e change e ceptasre uire ora 1 erent
co puter s ste s

o on ock contains an integer arra o ength This arra contro s
the action taken when one o the routines etects an error con ition such as an



atte pte 11 e ero  the entr correspon ing to a particu ar error nu  eris ero
the error is ignore an e ecution resu es a though the routine that etects the con ition
is o ten e ite the entr is one then a essage is output on unit is set to the
error nu er an integer etween an an e ecution resu es a though su se uent
ca sto routines arei e iate e ite 1ie contro is uick returne to the user
progra the entr istwo a essageisoutput an e ecutionisi e iate ter inate
entries o the arra are initiai e to two in the ock atasu progra  eow The
user a change so e o these entries incu ing the co  on in the user s
progra
n argu ent a not euse as oth as an input an an output aria einaca
to one o the routines  utput arra s or ho ing resu ts genera  re uire
sing e precision ce s n e ception is where the output arla e on re uires
eight ce s utput arra s or ho ing resu ts re uire twice the o set etween rea
an 1 aginar parts n ost app ications this o set is si p ce s so that the
e or re uire ent or aria es is usua ce s haracter aria esin the
argu ent ists o an re uire up to ce s
o t pe an o these routines re uire either sing e precision or ou e
precision scratch space or oth  ing e precision scratch space is containe in co  on
ock whi e ou e precision scratch space is containe inco  on ock
sa eaut the package a ocates ce s in each o these two ocks
The a ount o sing e precision scratch space nee e or an app ication aries wi e
epen ing on the routines use an the precision e e The ai u a ount oreach
routine is gi en in Ta es an The si pest wa to eter ine the proper a ount
or a progra is to run the co e with an a pe a ount an then output the aue o
the para eter in co  on upon co p etion insu cient space has een
a ocate an error essagewi eoutput errorco e an e ecution wi e ter inate
this occurs the user ust a ocate a arger sing e precision arra with at east the

nu er o wor s in icate in the error essage an pace it in co  on in the
user s ain progra na ition the para eter in ust e set to this arger
nu er
There is no nesting o ou e precision scratch space an so the a ount re uire is
si peto eter ine et e the argest precision e e use in an app ication Then
at  ost ou e precision ce s are re uire or the asic routines an at ost
ce s are re uire or the a ance routines ore than the eaut ce s
are re uire the user wust a ocate a arger arra an paceitin co  on in the
user s ain progra ince it is straight orwar to eter ine ahea o ti e the re uire

e e o ou e precision scratch space the package oes not per or auto atic checking
as it oes or sing e precision scratch space

an o thea ance routines ie those whosena een sin isca e theuser ust
aso a ocate an initiai e an arra in co  on The a ance routines shou e
ca e witha e e o precision  that is a power o two so et e the argest
e e that wi e use in a progra  Then the user ust a ocate at east ou e



precision ce sinco  on ock an  ustca with argu ent  toinitiai e

the arra in gain since the a ount o space is straight orwar to eter ine no
auto atic checking is per or e

the user oes a ocate arra s in or with 1 erent si es than
the eaut ce s so es ste s a agawarning essage when the user s progra is
co pie an inke with the preco pie package since this usage is technica

not a owe un er a strict rea ing o the ortran  stan ar The author is not aware o
an s ste that ags a ata error or such usage pro i e that theco on ocks in the
user s ain progra are at east as arge as in this package
The o owing sa pe progra co putesthe aueo the constant to appro i ate
igits on its ste s or ra s ste s repace the constant an
the progra wi co pute appro i ate igits

ts r ab s a

nTa es an the argu ent enotes an a ue o which ust ha e een

pre ious co pute ca ing either or The argu ent enotes an
aueo og which wustha e eenpre ious co pute ca ing otation such
as in the thir cou n enotes a nu er which has aue The
aria e enotes a string n the scratch space cou n is the precision
e e para eterinco  on other aria es unessin icate otherwise enote

nu ers
an co pute the ang e su ten e the pair

consi ere as a point in the p ane Thisis ore use u than an arctan or arcsin

routine since it p aces the resu t correct inthe u circe ie intheinter a



Ta e ist o  outines




Ta e ist o outines ont




an per or operations on co pe
nu ers n each o these routines is the o set etween the rea an 1 aginar

parts o the argu ents shou e at east
an n aco pe root o the th egree po no ia whose
coe cients are in ewton aphson iterations eginning at the co pe
aue an returntheco pe root in
The coe cients are assu e to start in ocations
etc is the o set etween the rea an the i aginar parts o each
input coe cient T pica a so an input para eter is the o set
etween the rea an the i aginar parts o the resut to e store in

ust e at east

co pares the nu ers an an returns in the aue or
epen ing on whether or t is aster than ere su tracting
an  an ooking at the sign o the resut
ote that i is not an e act inar raction the con erte aueo the
nu er whi e retaining a signi cant its o precision in a not pro uce

the inten e resut mne a peo a auethatisane act inar raction is

ne a peo a auethatisnotane act inar raction is a euse
to peror u accurate utiprecision eci a to inar con ersion o constants
that are not e act inar ractions

ust e ca e prior to using an a ance routine ie an routine whose

na een s in a ing with argu ent initiai es or precision e e
The user ust aso a ocate ou e precision ce s in an arra in
co  on n oneca to is re uire 1in a progra
inputs the nu er on ortran unit is a scratch arra with at east
ce so t pe The igits o a span ore than one
ine co aat theen o the ast ine enotes theen o the nu er The
input ines a not e cee characters in ength e e anks are a owe
an where ee ite or the a owa e or at o an input nu er
outputs the e ponent p us antissa igits o the nu er on ortran unit
with a co  a at the en ere the scratch arra ust ha e ce so
t pe
con erts the string o ength to or in trings input
to ust e in the or at where an  are igit strings
an are or ank an  is either or anks a ee e e an where
The igit string is 1 ite to nine igits an tota characters incu ing anks

The e ponent portion ie the portion up to an incu ing an the perio a



optiona e o itte con erts the nu er tothe arra
o ength  an output para eter which then can e output using or at
the user ust ha e at east ce s

an search or integer re ations a ong the entries o the ong
ector n integer re ationisan  ong ector such that
The entries o are assu e to start at etc is the
og o the ai u uci eannor o an accepta e re ation isset to 1 the
routine succee s in reco ering a re ation that pro uces ero to within the re ati e
to erance an has uci eannor essthan no re ation is oun
that eets these stan ar s is set to hen a ai re ation ector is reco ere
it is p ace in eginning at etc where ike
is an input para eter shou e at east hen is at east nor
oun s are output within which no re ation can e ist The para eters an
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